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Introduction = DNN Background

A Shallow Look at Deep Neural Networks

Function Approximation Classification

true

DNN approx.

abs. error

Goodfellow, Bengio, and Courville 2016; Raghu and Schmidt 2020
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The DNN Buzz

The Hype MIT (o | (e
- Technology
— expressibility (Cybenko 1989; Poggio et al. 2017) Review Topcs Magazine  Newsittors Events =X
— efficient approximators (Tripathy and Bilionis el [ el o
2018; Han, Jentzen, and Weinan 2018) Alpioneer Geoff Hinton: “Deep learning is going

to be able to do everything”

— versatility

finclanyone who disagrees, he says
by Karen Hao November3,2020
Applications, Applications, Applications

— computer vision (He et al. 2016; Krizhevsky, Sutskever, and Hinton 2012)

— speech recognition (Hinton et al. 2012; Song 2015)

— scientific applications (Han, Jentzen, and E 2018; Raissi, Perdikaris, and Karniadakis 2019)

The Challenges

- generalizability (Keskar et al. 2017; Papernot et al. 2016; Moosavi-Dezfooli, Fawzi, and Frossard
2016)

— explainabilit; (Samek et al. 2015; Montavon, Samek, and Mller 2018; Adebayo et al. 2020
P Yy )

— inefficient training (Li et al. 2018)
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Introduction  DNN Bac

The Anatomy of a Neural Network

‘Weights Nonlinearity
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sigmoid tanh ReLU

o(z) = Mﬁ o(z) = tanh(zx) o(z) = max(z,0)
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Introduction  DNN Bac

The Anatomy of a Neural Network

Feedforward Network

up = U(Kiny + bin)

ug = U(K1u1 +b1)

y— —c
input target
ug =0(Kg-1u4-1 +bg-1)
X = S(Koutud + bout)
Residual Network (He et al. 2016; Ruthotto and Haber 2019; Weinan and Yu 2018)
u; = U(Kiny + bin)
’14{,‘}\\34{'\\\ uz =uj +ho(Kiug +by)
Yy — y —c .
input target

ug=ug 1 +ho(Kg-1ug-1+bg_1)
X = S(Koutud + bout)

x=DNN(y,é) where é= (Kin,bin,Khbl,---7Kout,bout)
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Introduction = DNN Training

How to Train Your Network
For one input-target pair (y,c),

Forward propagate

Update Evaluate

Backward propagate

Nielsen 2017
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Introduction = DNN Training

How to Train Your Network
For one input-target pair (y,c),

resample (y,c) —— DNN(y, )

0« 0-~vgt ¢(0) = L(DNN(y, 6),c)

VQ[

Nielsen 2017
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Introduction DNN Training

Two Schools of Training

Stochastic Approximation (SA) Sample Average Approximation (SAA)
Minimize expected loss Minimize approximated expected loss
min E[L(DNN(y, ),c)] min 771 Z(y.0)er LIDNN(y,8), c)
© Memory-efficient © Deterministic
© Generalization ® Dependent on large samples
® Sensitive to hyperparameters © Potentially parallelizable
® Slow to converge ® Expensive memory-wise

Common methods are SGD variants such as  Amenable to, e.g., Newton-Krylov schemes
ADAM (Kingma and Ba 2014) (O’Leary-Roseberry, Alger, and Ghattas 2019)

Improving Training

— employ second-order methods (O’Leary-Roseberry, Alger, and Ghattas 2019; Yao et al. 2020;
Bollapragada, Byrd, and Nocedal 2018)

— choose optimal network weights (Cyr et al. 2019; Sjsberg and Viberg 1997)

Kleywegt, Shapiro, and Mello 2002; Linderoth, Shapiro, and erght 2006; Nemirovski et al. 2009
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Train Like a (Var)Pro Moti

A Classy Way to DNNs

Feature extractor Linear model
F(y,0) W
y > Z c
parametrized,

nonlinear mapping

e AlexNet
Krizhevsky et al., 2012

==

224x224x3 224x224x64

ResNet
He et al., 2016

VGG

Simonyan et al., 2015

) 112x {12 x 128

)6l s6 5256

7x7x512
V) lssapsiz T
¢ @Fj S xaxioss 15121000

9 comoution +RelU
-~ ) max pooling

Bl s
Z ot
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Train Like a (Var)Pro  Motivation

A Classy Way to DNNs

Feature extractor Linear model
F(y,0) W
y > c
parametrized,
nonlinear mapping
Inputs Outputs Targets
yD,y®,. .} cr? (20,2} c R {cW,e@) ) e (0,1}

u; = o(Kiny + bin) e R*

uz = o(Kjuj +by) e R
z=0(Kauz +bs) € R?
z =3s(Wz) eR

E. Newman (Emory)




Train Like a (Var)Pro Moti

A Classy Way to DNNs

Feature extractor Linear model
F(y,0) 4
y > Z c
parametrized,

nonlinear mapping

Network weights W Optimal W
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Train Like a (Var)Pro Setup

Variable Projection (VarPro)

The Supervised Learning Problem
Given training dataset 7, find the network weights W and 6 by solving

1
min®(W,0)= — > L(WF(y,0),c)+R(6)+S(W)
w.e ‘T| (y,c)eT N e
regularization

loss

We consider loss functions and regularizers such that ® is
— smooth

— strictly convex in the first argument

E. Newman (Emory) Train Like a (V BIRS 21w5167
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Some Winning Loss Functions

Let x = WF(y,0) be the DNN approximation. Let ¢ be the number of targets.

Least-Squares (Function Approximation) Cross-Entropy (Classification)
1 2 - _c" exp(x)
Lls(xvc) = §HX—C”2 Lce(X,C) =-c 1Og(e'rexp(x))
Lis: Rt xR > R Leo : REx AT 5 R
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Train Like a (Var)Pro Setup

Variable Projection (VarPro)

The Supervised Learning Problem
Given training dataset 7T, find the network weights W and 6 by solving

1
min®(W,0)= — > L(WF(y,0),c)+R(0)+S(W)
w6 71 (y e _
regularization

loss

Main Idea: eliminate W to exploit coupling of @ and W — accelerate convergence

The Reduced Optimization Problem
mein D0q(0) =P(W(0),0) st. W(O)=argmin (W, 0)
w

outer optimization inner optimization

Connection between VarPro and No VarPro:

Vw®(W(0),0) =0 = VgPrea(0)=VeP(W(0),0)

Golub and Pereyra 1973; Sjoberg and Viberg 1997
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Train Like a (Var)Pro Algorithm

“Trustworthy” Optimization of W (89)

Assume (W, 0) is smooth and strictly convex in the first argument and solve

W(0) = argmin ®(W, 0)
w

© Optimization problem is modest in size ® No closed-form solution

© Independent of feature extractor ® Solve efficiently to high accuracy

Newton-Krylov Trust Region Method: Update Wiya = W) + §W

trust region

min Vw® (W), 0) 6w + Low v (W), 0)sw line search step

/ [Nocedal and Wright, 2006]

contours

subj. to [ow| < AU

of quadratic model

Efficient: low-rank approx. to Hessian via
Krylov method trust region step

Accurate: use double-precision

contours of function &

For separable, nonlinear least squares, see, e.g., Golub and Pereyra 1973.
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Train Like a (Var)Pro  Algorithm

Optimizing 0: Gauss-Newton-Krylov VarPro (GNvpro)

The Reduced Optimization Problem

min®rea(8) = — 3 L(W(0)F(y,0),¢)+R(8) + S(W(6))
o |T| (y,c)eT —_—

regularization

loss

© Accelerates convergence to high ® Requires careful Jacobian
accuracy implementation

Gauss-Newton-Krylov Trust Region Method: Update 04,5 = o) + 50
min VoPrea(0))760 + 1607V50,.q(017))60 subj. to [s0] < AR
Approximate v‘g@,.ed(e(k)) via

Vg®rea(01))  Jo(W(0)F(y,0)) V> LJg(W(0)F(y,0)) + V'R

O’Leary and Rust 2013
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Train Like a (Var)Pro  Algorithm

The GNvpro Jacobian

Expand the Jacobian
Jo(W(0)F(y,0)) =W (0)JoF(y.0) +(F(y,8)" ®I)Jow(0)
Solve for Jow(6) implicitly

Ve ®(W(0),0)Jow(0) = —JoVw®(W(0),0)

Least-Squares Cross-Entropy
meinéls,red(e) Hbin(bce,red(e)
= _1 2 _ 1 T exp(W(0) F(y,0))
- Tnvv(e)F(Y 0)-Cl3 =, &<l los(Fwor Gy
ay (y,©)eT

51013 + S IW(0) |7 + R(0) + S(W(0))

— Solve for W(8) using the SVD of — Solve for W(60) with Newton-Krylov
F(Y,0) Trust Region Method
— Form V2 ®&,(W(0),8) re-using the — Approx. V2,8..(W(8),0) using
SVD of F(Y,0) low-rank factorization from Krylov
method

. Newman (Emory) Train Like a (V ro BIRS 21w5167 13 / 20



Numerical Ex

PDE Surrogate Modeling

Problem Setup:

c=Pu subject to A(u;y)=0

— y: parameters — u: solution — P: discretize solution

— c: observables — A: PDE operator

Goal: map parameters to observables and avoid expensive PDE solves
Loss Function: Least-Squares

PDEs:

@ Convection Diffusion Reaction: ye R557 ce¢ R72 (Grasso and Innocente 2018; Choquet and

Comte 2017)

@ Direct Current ReSiStiVityZ Y€ RB, CcE€ RSSZ (Seidel and Lange 2007; Dey and Morrison 1979)

. Newman (Emo



Surrogate Modeling Convergence

Full GN Full SGD L-BFGSvpro GNvpro
Convection Diffusion Reaction
108 10° T
1 [== training
0l | [ree wlidation 102 1
z : 3 R ‘ 2 2
S w : ‘ : S w0 : s ks
100 ! ! [ 100} ! E
o | | . - . - - ;| | | S | L
07y 200 400 600 107y 500 1,000 107y 200 400 600 107y 200 400 600
Work Units Work Units Work Units Work Units
DC Resistivity
1073 T 1073 T T 1072 T —
| = training | | |
1071 E ! === validation 1071 | | v E
2 1075k 1 1 [ » 1070 F 1 1 [ 1
g — E E : : : H
o F o N 1
1077 | | Lo 1077 | | VA E|
. i i i . i i i N ) ‘
10 10 10 500 1,000

L L
0 500 1,000
‘Work Units

‘Work Units

, ,
500 1,000
Work Units

‘Work Units = number of forward and backward passes through

SGD: 2 work units per epoch (1 forward pass, 1 backward pass)
GNvpro: 2 works units + 2r work units for rank-r approx. to Vg@red per iteration

‘Work Units

network
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Numerical Experiments Function Appros

DCR Visualization

PDE: parameters y € R3 correspond to depth, volume, and rotation on zi-z2 plane

-V-(m(,y)Vu)=q  onQ
Vu-n=0 on 9

Source ¢ Conductivity m(-,y) ,
S 10 )
1.5
1
0k . 2 0.5

Observations: c ¢ R332

directions

generated by measuring differences in u at surface in 1 and x2
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Numerical Experiments Function Approximation

DCR Visualization

Training Validation
Observed Observed
- im - i h
k. o g e
Prediction Difference Prediction Difference

Full GN

Full SGD

L-BFGSvpro

GNvpro



Numerical E

Image Segmentation

Goal: partition the pixels in an image
into classes

Indian Pines Hyperspectral Dataset:
— y € R?20: pixels,
— ¢ e A'6: one-hot labels

Loss Function: Cross-Entropy

n
=]
=]
=]
T

Number of Pixels
=
o
o
T

0
& s o 9 . .
a\"&@ N N o aﬁ\\,@ & O\Nad %“\a‘* & N @(\"‘\ o & \ﬂoo&’ OO 0
oM o N oo < & g@e‘-‘ 099.«‘ N 0‘3'\ o 50*‘\ ooV o oV AT Abe \&\\&096 a0
o N . N 2T e
@ © 97 ®.s S o A

Class
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Image Segmentation Visualization

Full GN Full SGD L-BFGSvpro GNvpro

train: 65.40 train: 99.80 train: 97.09 train: 99.53

valid: 63.26 valid: 87.24 valid: 87.59 valid: 87.88
Ground Truth . 6 . test:

g
£
g
<<

predicted classes
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Conclusion

Summary

GNvpro: “The \ of neural networks”

(not quite yet)

GNvpro...
@ ...accelerates training of DNNs to a high accuracy
@ ...can be applied to non-quadratic objective functions

@ ...is independent of nonlinear feature extractor

Future Work:

@ Apply GNvpro to a wider range of learning problems (e.g., image classification)
@ Implement GNvpro in other machine learning frameworks (e.g., Pytorch)

@ Extend VarPro for stochastic approximation schemes (e.g., SGDvpro)

E. Newman (Emory) i ike a ( ro S 21w5167 19 / 20



Conclusion

Thanks for listening!

Check out our paper on arXiv and our code Meganet.m on github.

E. Newman, L. Ruthotto, J. Hart, and B. van Bloemen Waanders. Train Like a (Var)Pro: Efficient
Training of Neural Networks with Variable Projection, (2020) arXiv:2007.13171.

https://github.com/XtractOpen/Meganet.m
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B——
Newton-Krylov Trust Region Method
Initialize W9 =0 and A9,

min Vw ®(W),0) 6w + Low v (W), 0)sw
Sw

subj. to [dw] < AW
Project onto Krylov Subspace: K,(V2®(WU), 0), V(W) 9))
Qr1H, = V2o(WY) 0)Q,
Solve for Approximate Step: dw = Q,z*(\)
z"(A) = arg min 3IHrz - Ber | + 3 |z|?
ZeRT
where 8 = |[Vw (W), 0)].

Approximate Inverse Hessian: V2®(W(0),0)7! ~ Q. HIQ

r+1°
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B——
Numerical Experiments DNN Setup

Architecture: Neural ODE of the form
u(t) = f(u(t),K(#),b(t)) for te(0,7], u(0)=0(Kiny +bin)-
To promote stable dynamics, use an antisymmetric layer
f(u,K,b) =o((K-K" —4I)u+b)
with v = 1074,
Training:

@ Discretize the features and weights on nodes of an equidistant grid [0,7] with d cells
(d = depth)

@ Optimize with a fourth-order Runge-Kutta scheme

@ Multilevel: increase d and prolongate weights
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Image Segmentation Convergence

Training Accuracy Validation Accuracy
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