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Overview

1 Background
Key equation for QBDs with periodic transition rates
Key equation for system with catastrophes
Exponential Generating Function for the Bernoulli numbers (an aside
to motivate the method)

2 Asymptotic Periodic solution for the Single Server Queue
Solution for the single server queue without catastrophes
Solution for the single server queue with catastrophes

3 Asymptotic periodic solution for Erlang arrivals with exponential service
Solution for Erlang arrivals with exponential service without
catastrophes
Solution for Erlang arrivals with exponential service with catastrophes
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We study the asymptotic periodic distribution of queues with time-varying
periodic transition rates and catastrophes that occur randomly according
to an exponential distribution with time-varying periodic rate.

When a disaster occurs, the system resets, all customers are lost and an
exponentially distributed period of time elapses before the repair is
complete. Service is governed by a phase distribution.

The asymptotic periodic distribution of the queue-length process is
analogous to the steady state distribution for a system with constant
transition rates.
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We consider stochastic processes with a two dimensional state space
{X (t), J(t)}, where X (t) is the level of the process, and J(t) is the phase.

In this talk, we will focus on processes which but for catastrophes, would
be quasi-birth-death processes in which we restrict transitions to up a
level, down a level, or a change within the level.

Catastrophes, when they occur, take the process to an un-numbered repair
level.

The processes we consider have periodic transition rates with period one.
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The infinitesimal generator for a QBD with time-varying periodic
transition rates:

Q(t) =


B(t) A1(t)

A−1(t) A0(t) A1(t)
A−1(t) A0(t) A1(t)

. . .
. . .


This leads to the system of differential equations:

ṗ0(t) = p0(t)B(t) + p1(t)A−1(t)

ṗn(t) = pn−1(t)A1(t) + pn(t)A0(t) + pn+1(t)A−1(t), n > 0.

We can use this system of ordinary differential equations to solve for the
generating function for the asymptotic periodic distribution.
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The key equation for the generating function is given by

P(z , t) =
∞∑
j=0

pj(t)z j =

∫ t

t−1
p0(u)

(
B(u)− A0(u)− z−1A−1(u)

)
Φ(z , u, t)du

× (I− Φ(z , t − 1, t))−1 .

where Φ(z , s, t) is the generating function for the unbounded process.
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Now consider a quasi-birth-death process with catastrophes and repairs.
Catastrophes occur at rate γ(t). These can occur from any level and from
any phase within the level. When a catastrophe occurs, then the system is
repaired at rate η(t). These rates are also assumed to be periodic with
period 1. The probability of being in the failure state at time t is given by
q(t).
For this system with catastrophes and repairs, we have the infinitesimal
generator:

Q(t) =


−η(t) η(t)a
γ(t)1 B(t)−γ(t)I A1(t)
γ(t)1 A−1(t) A0(t)−γ(t)I A1(t)
γ(t)1 A−1(t) A0(t)−γ(t)I A1(t)

...
. . .

. . .


with 1 = 1N×1 a column vector of ones and p1×N a row vector
representing the probability distribution of which phase the system returns
to after a repair. η(t) is the repair rate and γ(t) is the rate at which
catastrophes occur.
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This process has the following system of ordinary differential equations:
This leads to the system of differential equations:

q̇(t) = −η(t)q(t) + γ(t)(1− q(t))

ṗ0(t) = q(t)η(t)a + p0(t)(B(t)−γ(t)I) + p1(t)A−1(t)

ṗn(t) = pn−1(t)A1(t) + pn(t)(A0(t)−γ(t)I) + pn+1(t)A−1(t), n > 0.

Let P(z , t) =
∑∞

j=0 pj(t)z j , as above, then the key equation for the
generating function is

P(z , t) =∫ t

t−1

[
p0(u)

(
B(u)− A0(u)− z−1A−1(u)

)
+q(u)η(u)a

]
Φ(z , u, t)du

× (I− Φ(z , t − 1, t))−1 .

Here Φ(z , s, t) is the same as that given for a QBD without catastrophes

except that it is multiplied by e−
∫ t
s γ(u)du.
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Bernoulli numbers (an aside to motivate the method)

Recall that an exponential generating function (EGF) for a sequence {an}
is defined as

A(z) =
∞∑
n=0

an
zn

n!
.

The EGF for the Bernoulli numbers is:

B(z) =
z

ez − 1

∼ χk

z − χk
, z → χk

The poles of B(z) are χk = 2πik, k ∈ Z\{0}, and the residue at χk is
equal to χk .
The expansion theorem for meromorphic functions holds that

fn ≡ [zn]f (z) =
m∑
j=1

cjα
−n
j + O(R−n)

where the αj are poles of the generating function f (z) and f (z) is
meromorphic at all points of the closed disc |z | ≤ R and analytic at all
points |z | = R and at z = 0.
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In the case of the Bernoulli numbers, we take contours that pass between
two poles. As the contour R →∞ (for n ≥ 0) because the Cauchy kernel
z−n−1 decreases as an inverse power of R while the exponential generating
function (EGF) remains O(R). In the limit, the coefficient integral is equal
to the sum of the residues of the meromorphic function over the whole
complex plane. .

Elias Wegert
Technische Universität Bergakademie
Freiberg
Institute of Applied Analysisnull, Germany
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Poles of exponential generating function (EGF) for the Bernoulli numbers

Figure: Increasing contour of integration, R as we zoom out
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[zn]
z

ez − 1

=
Bn

n!

= −
∞∑

k∈Z\{0}

χ−nk = −
∞∑
k=1

(
1

(−2πik)n
+

1

(2πik)n

)

= − 1

(2πi)n

∞∑
k=1

1

kn
(1 + (−1)n)

=


0 n odd, n ≥ 3

− 2
(2πi)n

∞∑
k=1

1

kn
n even

so
B2n = (−1)n−1(2n)!21−2nπ−2nζ(2n).

Margolius Ammar Catastrophes CanQueue 2020 16 / 36



[zn]
z

ez − 1
=

Bn

n!

= −
∞∑

k∈Z\{0}

χ−nk = −
∞∑
k=1

(
1

(−2πik)n
+

1

(2πik)n

)

= − 1

(2πi)n

∞∑
k=1

1

kn
(1 + (−1)n)

=


0 n odd, n ≥ 3

− 2
(2πi)n

∞∑
k=1

1

kn
n even

so
B2n = (−1)n−1(2n)!21−2nπ−2nζ(2n).

Margolius Ammar Catastrophes CanQueue 2020 16 / 36



[zn]
z

ez − 1
=

Bn

n!

= −
∞∑

k∈Z\{0}

χ−nk

= −
∞∑
k=1

(
1

(−2πik)n
+

1

(2πik)n

)

= − 1

(2πi)n

∞∑
k=1

1

kn
(1 + (−1)n)

=


0 n odd, n ≥ 3

− 2
(2πi)n

∞∑
k=1

1

kn
n even

so
B2n = (−1)n−1(2n)!21−2nπ−2nζ(2n).

Margolius Ammar Catastrophes CanQueue 2020 16 / 36



[zn]
z

ez − 1
=

Bn

n!

= −
∞∑

k∈Z\{0}

χ−nk = −
∞∑
k=1

(
1

(−2πik)n
+

1

(2πik)n

)

= − 1

(2πi)n

∞∑
k=1

1

kn
(1 + (−1)n)

=


0 n odd, n ≥ 3

− 2
(2πi)n

∞∑
k=1

1

kn
n even

so
B2n = (−1)n−1(2n)!21−2nπ−2nζ(2n).

Margolius Ammar Catastrophes CanQueue 2020 16 / 36



[zn]
z

ez − 1
=

Bn

n!

= −
∞∑

k∈Z\{0}

χ−nk = −
∞∑
k=1

(
1

(−2πik)n
+

1

(2πik)n

)

= − 1

(2πi)n

∞∑
k=1

1

kn
(1 + (−1)n)

=


0 n odd, n ≥ 3

− 2
(2πi)n

∞∑
k=1

1

kn
n even

so
B2n = (−1)n−1(2n)!21−2nπ−2nζ(2n).

Margolius Ammar Catastrophes CanQueue 2020 16 / 36



[zn]
z

ez − 1
=

Bn

n!

= −
∞∑

k∈Z\{0}

χ−nk = −
∞∑
k=1

(
1

(−2πik)n
+

1

(2πik)n

)

= − 1

(2πi)n

∞∑
k=1

1

kn
(1 + (−1)n)

=


0 n odd, n ≥ 3

− 2
(2πi)n

∞∑
k=1

1

kn
n even

so
B2n = (−1)n−1(2n)!21−2nπ−2nζ(2n).

Margolius Ammar Catastrophes CanQueue 2020 16 / 36



[zn]
z

ez − 1
=

Bn

n!

= −
∞∑

k∈Z\{0}

χ−nk = −
∞∑
k=1

(
1

(−2πik)n
+

1

(2πik)n

)

= − 1

(2πi)n

∞∑
k=1

1

kn
(1 + (−1)n)

=


0 n odd, n ≥ 3

− 2
(2πi)n

∞∑
k=1

1

kn
n even

so
B2n = (−1)n−1(2n)!21−2nπ−2nζ(2n).

Margolius Ammar Catastrophes CanQueue 2020 16 / 36



1 Background

2 Asymptotic Periodic solution for the Single Server Queue
Solution for the single server queue without catastrophes
Solution for the single server queue with catastrophes

3 Asymptotic periodic solution for Erlang arrivals with exponential service
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The single-server queue

The key equation for the generating function is

P(z , t) =

∫ t

t−1
p0(u)µ(u)(1− z−1)e

∫ t
u λ(ξ)(z−1)+µ(ξ)(z−1−1)dξdu

× (1− eλ̄(z−1)+µ̄(z−1−1))−1

The poles are solutions to

λ̄(z − 1) + µ̄(z−1 − 1) = 2πik, k ∈ Z,

that is,

χk =
1

2λ̄

(
λ̄+ µ̄+ 2πik +

√
(λ̄+ µ̄+ 2πik)2 − 4λ̄µ̄

)
.

Margolius Ammar Catastrophes CanQueue 2020 18 / 36



The single-server queue

The key equation for the generating function is

P(z , t) =

∫ t

t−1
p0(u)µ(u)(1− z−1)e

∫ t
u λ(ξ)(z−1)+µ(ξ)(z−1−1)dξdu

× (1− eλ̄(z−1)+µ̄(z−1−1))−1

The poles are solutions to

λ̄(z − 1) + µ̄(z−1 − 1) = 2πik , k ∈ Z,

that is,

χk =
1

2λ̄

(
λ̄+ µ̄+ 2πik +

√
(λ̄+ µ̄+ 2πik)2 − 4λ̄µ̄

)
.

Margolius Ammar Catastrophes CanQueue 2020 18 / 36



The single-server queue

The key equation for the generating function is

P(z , t) =

∫ t

t−1
p0(u)µ(u)(1− z−1)e

∫ t
u λ(ξ)(z−1)+µ(ξ)(z−1−1)dξdu

× (1− eλ̄(z−1)+µ̄(z−1−1))−1

The poles are solutions to

λ̄(z − 1) + µ̄(z−1 − 1) = 2πik , k ∈ Z,

that is,

χk =
1

2λ̄

(
λ̄+ µ̄+ 2πik +

√
(λ̄+ µ̄+ 2πik)2 − 4λ̄µ̄

)
.

Margolius Ammar Catastrophes CanQueue 2020 18 / 36



Poles of M/M/1 ordinary generating function

Figure: Increasing contour of integration, R (shown in white), as we zoom out, λ̄ = 2, µ̄ = 5.
Unit circle shown in black. For this example,

λ(t) = 2 + 2
3

cos(2πt),

µ(t) = 5 + 5
2

sin(2πt).
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An exact formula for the level probabilities is then given by

p`(t) =∫ t

t−1
p0(u)µ(u)

∞∑
k=−∞

(1− χ−1
k )χ−`k e

∫ t
u (λ(ξ)(χk−1)+µ(ξ)(χ−1

k −1))dξ√
(λ̄+ µ̄+ 2πik)2 − 4λ̄µ̄

du.
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The single-server queue with catastrophe

The key equation for the generating function for the single server queue
with catastrophes is

P(z , t) =

∫ t

t−1

(
µ(u)(1− z−1)p0(u)+η(u)q(u)

)
Φ(z , u, t)du

×
(

1− eλ̄(z−1)−µ̄(z−1−1)−γ̄
)−1

and

q(t) =

∫ t

t−1
γ(u)e−

∫ t
u (η(ν)+γ(ν))dνdu(1− e−η̄−γ̄)−1

where γ̄ =
∫ t
t−1 γ(u)du is the average catastrophe rate over the period,

λ̄ =
∫ t
t−1 λ(u)du is the average arrival rate, and so on.
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The poles are solutions to

λ̄(z − 1) + µ̄(z−1 − 1)−γ̄ = 2πik , k ∈ Z,

that is,

χk =
1

2λ̄

(
λ̄+ µ̄+γ̄ + 2πik +

√
(λ̄+ µ̄+γ̄ + 2πik)2 − 4λ̄µ̄

)
.

Applying the same argument as for the Bernoulli numbers, the exact
formula is the sum of the residues in the complex plane:

p`(t) =

∫ t

t−1

∞∑
k=−∞

(
p0(u)µ(u)(1− χ−1

k )+η(u)q(u)
)

×
χ−`k e

∫ t
u

(
λ(ξ)(χk−1)+µ(ξ)(χ−1

k −1)−γ(ξ)
)
dξ√

(λ̄+ µ̄+γ̄ + 2πik)2 − 4λ̄µ̄
du.
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Poles of M/M/1 with catastrophes ordinary generating function

Figure: Increasing contour of integration, R (shown in white), as we zoom out, λ̄ = 2, µ̄ = 5.
Unit circle shown in black. For this example,

λ(t) = 2 + 2
3

cos(2πt),

µ(t) = 5 + 5
2

sin(2πt),

γ(t) = 4 + 18
5

sin(2πt),
η(t) = 3 + 2 sin(2πt).
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1 Background

2 Asymptotic Periodic solution for the Single Server Queue

3 Asymptotic periodic solution for Erlang arrivals with exponential service
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Erlang Arrivals and Exponential Service I

The key equation for the generating function is

P(z , t) =

∫ t

t−1
p0(u)

(
B(u)− A0(u)− z−1A−1(u)

)
Φ(z , u, t)du

× (I− Φ(z , t − 1, t))−1

=

∫ t

t−1
p0(u)µ(u)(1− z−1)Hdiag

[
e
∫ t
u ε`(z,q)dq

1− e
∫ t
t−1 ε`(z,q)dq

]
duH−1.
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Erlang Arrivals and Exponential Service II

where[
Hdiag

[
e
∫ t
u ε`(z,q)dq

1− e
∫ t
t−1 ε`(z,q)dq

]
H−1

]
j ,j+m

=
zm/K

K

K−1∑
`=0

e
∫ t
u ε`(z,q)dq

1− e
∫ t
t−1 ε`(z,q)dq

ω−m`K .

is a Toeplitz matrix and ωK = exp{2πi/K} are the K th roots of unity.
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The poles occur at those values of z outside of the unit circle such that

−µ̄− ν̄ + µ̄z−1 + z1/K ν̄ = 2πim, m ∈ Z.

The exact solution is given by the sum of the residues. Taking the limit as
z → χm, we have the residue at χm given by

1

1− z
χm

(
χm − 1

ν̄χ
(K+1)/K
m − K µ̄

)

×
∫ t

t−1
p0(u)µ(u)e

∫ t
u (ν(s)χ

1/K
m −ν(s)−µ(s)+µ(s)χ−1

m )dsdu

×



1 χ1/K
m · · · χ(K−1)/K

m

χ−1/K
m

. . . χ1/K
m · · · χ(K−2)/K

m

.

.

.
. . . · · ·

.

.

.

.

.

. · · ·
. . .

.

.

.

χ(1−K)/K
m · · · χ−1/K

m 1

 .
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Let qm(t) =
∑K−1

j=0 χ
−j/K
m p0,j(t) and cm = χm−1

ν̄χ
(K+1)/K
m −K µ̄

, then

pn,j(t) =
∞∑

m=−∞
cmχ

−n+j/K
m

∫ t

t−1
qm(u)µ(t)e

∫ t
u (ν(s)χ

1/K
m −ν(s)−µ(s)+µ(s)χ−1

m )dsdu

Margolius Ammar Catastrophes CanQueue 2020 28 / 36



µ(t) = 2 + 2/3 cos(2πt), ν(t) = 5 + 2.5 sin(2πt)
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µ(t) = 20 + 20/3 cos(2πt), ν(t) = 50 + 25 sin(2πt)
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Erlang Arrivals and Exponential Service with Catastrophes

The key equation for generating function is

P(z , t) =∫ t

t−1

[
p0(u)µ(u)(1− z−1)+η(u)q(u)a

]
Φ(z , u, t)du

× (I− Φ(z , t − 1, t))−1 .

The poles occur at those values of z outside of the unit circle such that

−µ̄− ν̄−γ̄ + µ̄z−1 + z1/K ν̄ = 2πim, m ∈ Z.
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The exact solution is given by the sum of the residues. Taking the limit as
z → χm, we have the residue at χm given by

1

1− z
χm

(
1

ν̄χ
(K+1)/K
m − K µ̄

)

×
∫ t

t−1
(p0(u)µ(u)(χm − 1)+χmq(u)η(u)a)

e
∫ t
u (ν(s)χ

1/K
m −ν(s)−µ(s)−γ(s)+µ(s)χ−1

m )dsdu

×



1 χ1/K
m · · · χ(K−1)/K

m

χ−1/K
m

. . . χ1/K
m · · · χ(K−2)/K

m

.

.

.
. . . · · ·

.

.

.

.

.

. · · ·
. . .

.

.

.

χ(1−K)/K
m · · · χ−1/K

m 1

 .
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Thank You!!!

CanQueue 2011, Banff

Summary: We can find exact
solutions of the asymptotic

periodic distribution for some
queueing systems using

singularity analysis.

Poles of M/M/1 with catastrophes
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