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The name of the game

Asymptotics of the first detection probability in systems with
absolutely continuous energy spectra

The total detection probability in finite dimensional systems



The stroboscopic detection protocol

When does a system/particle starting in |ψin〉 first reach |ψd〉?

When is the output of a quantum computer available?

Û = e−iτĤ D̂ = |ψd〉〈ψd|

Detection protocol

What one does not measure, thereof one must be silent.

Krovi and Brun 2006; Ruschhaupt, Muga, and Hegerfeldt 2009; Grünbaum
et al. 2013; Sinkovicz et al. 2015; S. Dhar, Dasgupta, and A. Dhar 2015.
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Û = e−iτĤ D̂ = |ψd〉〈ψd|

Detection protocol

What one does not measure, thereof one must be silent.

failure failure failure failure failure success

Krovi and Brun 2006; Ruschhaupt, Muga, and Hegerfeldt 2009; Grünbaum
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First detection amplitudes/probabilities

Fn = |ϕn|2,

ϕn = 〈ψd|Û [(1− D̂)Û ]n−1|ψin〉
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dλµ(λ)ν(λ)e−iλ

1−ze−iλ´ 2π
0

dλµ(λ)
1−ze−iλ

µ(λ) := 〈ψd|δ(Û − e−iλ)|ψd〉 , µ(λ)ν(λ) := 〈ψd|δ(Û − e−iλ)|ψin〉

Grünbaum et al. 2013; Friedman, Kessler, and Barkai 2017.
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ϕn = 〈ψd|Ûn|ψin〉 −
n−1∑
m=1
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|ψd〉

= z

´ 2π
0

dλµ(λ)ν(λ)e−iλ

1−ze−iλ´ 2π
0

dλµ(λ)
1−ze−iλ
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ϕn = 〈ψd|Ûn|ψin〉 −
n−1∑
m=1
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1−zÛ
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The detection period

First detection statistics are a spectral property

{Û , D̂, |ψin〉} ⇒ {µ(λ), ν(λ)} ⇒ ϕ(z)⇒ ϕn ⇒ Fn

Û = e−iτĤ depends on τ !

I Only energy levels with overlap in |ψd〉 contribute.

I Only total overlaps matter
∑

m 〈ψd|El,m〉 〈El,m|ψin〉
I Equivalent energy levels: El = El′ mod 2π/τ
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{Û , D̂, |ψin〉} ⇒ {µ(λ), ν(λ)} ⇒ ϕ(z)⇒ ϕn ⇒ Fn
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The name of the game

Asymptotics of the first detection probability in systems with
absolutely continuous energy spectra

The total detection probability in finite dimensional systems



Tight-binding model on the infinite line

Ĥ =
∑
x∈Z

[2 |x〉〈x| − |x〉〈x+ 1| − |x〉〈x− 1|]

Thiel, Barkai, and Kessler 2018.
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Ĥ =
∑
x∈Z

[2 |x〉〈x| − |x〉〈x+ 1| − |x〉〈x− 1|]

10 100 1000

Time n

1e-18

1e-15

1e-12

1e-09

1e-06

0.001

1
F

ir
st

 D
et

ec
ti

o
n

 p
ro

b
a

b
il

it
y

 F
n

ξ=50

ξ=100

ξ=200

ξ=400

ξ=800

Theory

ninc =
ξ

vgτ
=

ξ

2τ
, Fn ∼

1

2πξ

(
en

2ninc

)2ξ

, n→ 0

Thiel, Barkai, and Kessler 2018.



Tight-binding model on the infinite line
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The general case, (van Hove) singularities

µ(τE∗l ± ε) ∼M±ε
dS
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The total detection probability

Pdet(ψin) =

∞∑
n=1

Fn(ψin)

= 〈ψin|P̂HB |ψin〉 =
∑′

l

| 〈ψd|P̂l|ψin〉|
2

〈ψd|P̂l|ψd〉

is (almost) independent of τ for finite-dimensional systems

Facchi and Pascazio 2003; Krovi and Brun 2006; Caruso et al. 2009;
Grünbaum et al. 2013; Novo et al. 2015; Thiel, Mualem, et al. 2019.
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Some bounds on Pdet
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Var[Ĥ]ψd
≤ Pdet(ψin) =

∑′

l

| 〈ψd|P̂l|ψin〉|
2

〈ψd|P̂l|ψd〉

≤ 1

ν
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Var[Ĥ]ψd
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Summary

I A detection protocol defines the first “arrival” time

I (Pseudo-)energies and overlaps determine the first detection
statistics

I Continuous energy spectra: Power law decay and oscillations
from van-Hove singularities

I Finite dimensional systems: Dark and bright space, Pdet,
Krylov and symmetry bound

You’ve made it!
Thank you for the attention!
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