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Perfect matching: definition
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G=(V,E): |V|] < o0, |[E|] <0

Dimer configuration (perfect matching): subset of edges such
that each vertex is incident to exactly one edge.

Edge weight: w : E(G) — R U {0};

P(M) = J [Teem wle);

Partition function Z =y, [[ecp w(e).

When w(e) =1, Ve € E(G), Z is the total number of perfect
matchings.



Perfect matching, dimer, and tiling
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Figure: Perfect matching on hexagonal lattice and lozenge tiling (by R.
Kenyon)



Asymptotic behavior

Figure: Limit shapes of uniform random tilings on square grid and
hexagonal lattice (by James Propp)



Previous work

» (Cohn, Kenyon and Propp 2001) A variational principle for
domino tilings

» (Okounkov, Reshetikhin 2001) Correlation function of Schur
process with application to local geometry of a random
3-dimensional Young diagram

» (Kenyon, Okounkov 2007) Explicitly solved the variational
problem, obtain limit shape and frozen boundary for uniform
lozenge tilings with certain boundary condition

» (Petrov, Gorin, Panova, Bufetov, Knizel, 2012-2018) Uniform
perfect matchings on hexagon lattice and square grid with
certain boundary conditions: limit shape and height
fluctuation

» (Boutillier, Bouttier, Chauy, Corteel, Ramassamy, 2015)
Dimers on rail yard graph as a Schur process, correlation
function



Whole-plane lattice: local structures
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Figure: between levels m and m + %
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Figure: between levels m — % and m when a,, =0
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Figure: between levels m — 3 and m when a,, = 1






Contracting lattice examples: hexagon lattice

Figure: Contracting hexagon lattice with N =4, m=2, Q =(1,2,4,6),
and a; = 1.



Contracting lattice examples: square-hexagon lattice

Figure: Contracting square-hexagon lattice with N =3, m = 3,
Q= (17 3, 6), (al, an, 33) = (1, 07 1)



Overview

» Uniform boundary condition: Q = (1,¢,2¢,...,N{); £ € N*
fixed.

» Piecewise boundary condition:

Remaining vertices Removed Vertices Remaining Verlices Removed Vertices | Remaining Vertices

> LN < N where 1< i< n—1,a>0.

Xi,N
> x1=xp=...=x, =1, {yi}ie, periodic.



Partition, Schur function and counting measure

» Partition of length N: an N-tuple of non-increasing,
nonnegative integers: = (u1 > 2 > ..., > uy > 0).

> GTE: all the partitions of length N.
> X\ e GT}.

» rational Schur function

detijer,...n(y;’
H1§i<j§N(”i - uj)

S)\(U]_,. ) UN) =

» Counting measure:

z’:V: ()\ +/\/—/). O



Correspondence between partition and dimer configurations

T

Figure: partition on the level-(m — 1) row: (1 0)

» me{0,1,2,...};

> P-vertices (resp. Q-vertices): vertices incident to at least one
present edge (resp. vertices incident to only absent edges)
between Levels m — % and m .

> Assume at level m — % of R(€, &) has p; P-vertices and g

N-vertices.

» The dimer configuration on level m — % corresponds to a

partition AP e (GTPJ., where for 1 <i < pj, )\Epj) is the
number of Q-vertices on the right of the ith P-vertex

(counting from the left)



Partition function and Schur polynomial

Theorem
(Boutillier and Li, 2017) The dimer partition function on R(S2, &)
with these weights is given by

= HF,- Sw(Xl,...,XN)
i€h
where

N

M = H(1+YiXt)

t=i+1
L = {kE {1,...,/\/}’3[(:0}.



Uniform bottom boundary condition and periodic weights

> (. fixed positive integer

» Uniform boundary condition:
w=((N=-1)(¢—-1),(N=2)(¢{ —1),...,£—1,0).

v
> Sw(Xl, cee 7XN) = H1§i<j§N Xi—Xj

> x; = X[i mod n]y ¥i = Y[i mod n]-



Limit shape for uniform bottom boundary condition and
periodic weights

Figure: Limit shape of perfect matchings on the square-hexagon lattice
(=1

with weights y3 = 3,x1 =0.3,x =0.8,y3 =0.5,x3 = 1.4, x4 = 1.8 and



Limit shape for uniform bottom boundary condition and

periodic weights

Figure: Limit shape of perfect matchings on the square-hexagon lattice

0.3 and

with weights y; = 3,x; = 10,x = 0.1,y3 = 0.5,x3 = 3.0, x4

m=2



Limit shape for uniform bottom boundary condition and
periodic weights

> k€ (0,1).
>
Qulu) = T— (2)
1 u™ — xm K
— log (J ) + = log(1 + yiu
n 1;;7 v=2x n ie{l,g.:,n}mz ( »

> m”: the limit of the counting measure for the partition
corresponding to the dimer configuration on the |2xN |th row
of the square-hexagon lattice, counting from the bottom.

» (Boutillier, Li 2017)

/Rxpm“(dx)

p+1
1 dz , z o
" 2(p+ D %Cl z (ZQ“(Z) * Z; n(z — XJ)) =l



Proof of the limit shape with uniform bottom boundary
condition

v

1<k<2N+1,t=%]

» pX: probability measure for random partitions corresponding
to the dimer configurations on the kth row of R(£2, 4),
counting from the bottom.

> X(N_t) = (Xm,.
Y(t) = (XT7 PN ,Xf).
» Schur generating function (definition):

.., xz;) where i = [i mod n].

v

sx(ug, ..., un_
Spk’X(N—t)(Ula---aUN—t) = Z Pk()‘) )\( ! N_tN t)
sy(X(N=1)
AeGT},_,




Proof of the limit shape with uniform bottom boundary
condition

» By Schur branching formula,

Sw(Uty .- Un_t, Y(t))
Sl ) = Sl

()

ie{1,2,...,t}Nh j=1

> Vy = H1<i<j§N(Ui - uj);
N P
> D, = V/v doice (Ui%) V;
> AN=1): partition corresponding to dimer configurations on the

(2t)th or (2t + 1)th row of R(£2, &), counting from the
bottom.



Proof of the limit shape with uniform bottom boundary
condition

E </R xPm [)\(’V—f)] dx>m = ,{)1,\,]m(/+1) (Dp)™

Spk7x(/v_t)(ul, ey Uth)

» Analyzing the leading terms,

E </ xPm [)\(N_t)] dx> ~ I,
R
2
E (/ xPm | AN dx> ~ 2
R



Frozen Boundary

> R:= LR(Q,3);

» Liquid region L: the set of (x, ) inside R such that the
density of m” there is neither 0 nor 1.

» Fact: density f(x) of a measure n and Stieltjes transform:
f(x) = —lim_o+ 2Im[St,(x + i€)].



Frozen boundary when m =1

woi Tt oSty

n . 1
ie{1,2,...,n}Nk

Frozen boundary

 (U()V'(z) - U(2)V(2) V'(z) _
wn = (MGG v -

A cloud curve of rank m + n.



Frozen boundary when m = 2

Wz =23

z4+x;'
1<j<n X

L = WEUE T VE@UE - U@V(E) - W@VE) |, 0

Vi(z) - U'(2)
Vi(z) + W'(z),
Vi(z) - U'(2)°

for (x, <) on the frozen boundary. If we have m’ distinct values of
x;'s in the fundamental domain, then for z = x;, we get that the
the points (U(xj) + W(x;), 1) are m’ tangent points of the frozen
boundary to the line Kk = 1.



A formula for Schur function

vV V. vV VY VY

A(N) € GT},

Y n: symmetric group of N-elements.

o E LN

)Z),f, = {U EYXN:IX = 0(,-)}.

[En/ZX]": all the right cosets of Xy in Ty

n? (N) = [{k : k> j, Xo(k) # Xo(j) H-

ST (N) = {\(N) + 17 (N), x5 () = xi}-

#("7)(N): the partition obtained by decreasingly ordering
elements in ®(:7)(N).



A formula for Schur function

Theorem
(Li, 2018)\ € GT},

S)\(Xl,...,XN) = Z <

Fe[Tn/ZX]

n

i=

) .
XI|(z> (N)) (H 5¢(i,o)(N)(1, -
1 i=1

1
. ( ; H Xo(i) = U(J))
1<JXo(iVEXo(j)



Corollary

> 1 < k< Nandk=gqgn+r, where r < nand g, r are positive

integers.
>

Cfu if1<i<k
WiT x fk+1<i<N

S)\(Wl7 ey WN) =

Fe[Zn/R]r Ni=l

n r
|p(9)]| Ui Upyi
X; Siiio) | —y — - .
2 (H ’ 1_[1 NN X
=

I

Ugn+i 1

9
1

n
Ui Uptj Ylg—1)n+i
X S(i,o — 1,....,1
(H & )(Xia X; ) X; ) )

< TI =

L. W, - i
i<J %o (1) FXo(j) o (i) ()

P



Assumptions on edge weights

> XN > XN > ... > XN > 0;

» T Is a positive integer;

» xin =xjn if [ mod n]=[j mod n;
>

. Xj
- log <m|n1§i<j§n ﬁ)
liminf L > a >0,
N—oc0 |Og N

> «: a sufficiently large positive constant independent of N.



Piecewise boundary condition

P w: partition on the bottom boundary.
> letl1<i<n-1, foranyp2%>q, Wp > Wq-

> 11 > ... > ug are all the distinct elements in wy,...,wpy, with
t a finite integer independent of N.

> 1<p<qg<s GN < pup—pg < GN



Limit shape with piecewise boundary condition

1 [ dz n—i z
Pmldx) = — < (Lo
/RX m*(dk) 2n(p + 1)mi 12; %Cl z <ZQ””(2) t T n(z—1

where for i =1
. 14+ y,zq
i (2) = | Hmi(2) = (n = 1)1 log ————
Qun(2) { m(@)—(n—logz+x > log Hm]
re{1,2,...,n}Nh
for 2 < i <n,
Qin(2) = - [ (2) — (n — i) log 2]
BT gy T &



Limit shape with piecewise boundary condition

» og € [ZN/Zﬁ]r, such that Xoo(1) > X50(2) > ... > X5o(N)-

> m;: the limit of the counting measure for ¢(/70).

Stin; ()
> Hr/n/( ) u uil'
>

sa(xt,. .., xn) & (wa’wo ) <H5¢(’ o0) (N) ))
< I :

i<ty gy 0D T X00)



Proof of Limit Shape

s\(wi, ..., wy) &

(L) ([T (25

i=r+1

<10

1<JXgo (1) FXag ()

Ug—1)n+i

Woo(i) —

uj Unpyi
(Hs,ao)< i

Woo

)

U)




Asymptotic Analysis
> Xy = N, ZX = [(X)1]”, hence
limn_oo 4 log [(En/ZR)| = n.
Hi<j,><ao(;)#XUOU)(X"O(")ix"OU))

=1.
Tt gy 50 ) (3o )=o)

» for any o € Ly,

X1 AN D(o0,0)
> Xog(1) " X (M) > ; X 077, h D :
Y AN Z [ MiN1<j<j<n o » Whnere Ugq o IS a
o) ol !

certain function measuring the difference of og and o

S N e ‘H >
Maroegyieo o |~ Wy 25 i 2ir<a2) 5| 2
1
¢J('i,0)_¢£(i,o)+k_j
>S¢(lg( ) Hl S%k—ﬁ

> Sy00) (1,...,1) > 1.
» Under the assumption of edge weights,
S¢(;,go)(1, ey 1)
S¢(,‘,g)(1, ceey ].)

for some constant C.

> N— CD(09,0)



Proof of Limit Shape

k
lim l log ss(wins -, WN,N):| _ Z[Pi(ui)]
i=1

N—oco N SA(Xl,N7-~-7XN,N)
where
e rs Hmji o nj(4)  (n—[i mod n]) log(u)
1. if [i mod n] # 0, Pi(u) = > - - .

2. if [i mod n] =0, Pij(u) = Hm+(“)



Frozen Boundary

> Stms(x) = >_1_; log(zi(x)); zi(x) is a root of F;.(z) = x, and

n—i z

Ff,H(Z) = ZQI{,I{(Z) + n + n(z — 1)

» Fi.(z) = x has at most one pair of complex conjugate roots.

» For 1 </ < n, the condition on (x, k) such that
Fix(z) = - has double roots are disjoint cloud curves.



Limit shape with piecewise boundary condition
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Figure: Frozen boundary for a contracting hexagonal lattice when n = 2,
(r1, r2, 13, 1a) = (12,8, 5,2), represented by the union of the red curve and
the blue curve.
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Figure: Frozen boundary for a contracting square hexagon lattice with
n=2,1LN{1,2} =1when (r,rn,mnmn) =(12,852),¢c = %
represented by the union of the red curve and the blue curve.




Gaussian Unitary Ensemble (GUE)

» GUE: a random Hermitian matrix whose eigenvalues
€1 > €2 > ... ¢k have a distribution Pgyg, on R¥ with a
density with respect to the Lebesgue measure on R¥
proportional to:

k
H (ei — 6j)2 exp (— Z e?) ,

1<i<j<k i=1



Dimers near the top and GUE

v

X1:...:XN:]..
Yi = Y[i mod n]-
AX(N) be the signature corresponding to the dimer

configuration incident to the (N — k + 1)th row of white
vertices in R(Q(N), &), and for 1 </ < k,

b = AK(N) + N — 1.

P = fR xdm?; i = fR x2dm?

where m! is the limit counting measure of signatures on the
top of R(Q(N), ).

b(N) . ) i
F(N) _ ﬁ — VN (@Dl -3ty Zielgm{17..,7,,} ﬁ)

b
ki 21 41 Yi
Y2 =91 — 5+ 5 Zielgﬂ{1,2,...,n} (EEAE

L 1</<k



Theorem
(Boutillier and Li 2017) For any fixed k, the distribution of

- k
(b%\l)>l . converges weakly to Pgyg, as N — oo.

» (qg1,...,qx) € R be a random vector with distribution P
> Q =diag[q1, ..., gkl
» Pis Pgug, if and only if for any diagonal matrix P,

IE/ exp[Tr(PUQU™)]dU = exp <1TrP2> .
U(k) 2



hexagon lattice

Figure: Limit shape of perfect matchings on the square-

s Y3 = 0.5.

=xa=1y=3

with periodic weights x; = xo = x3



Thank you!



	Perfect matchings

