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Perfect matching: definition

I G = (V ,E ): |V | <∞, |E | <∞
I Dimer configuration (perfect matching): subset of edges such

that each vertex is incident to exactly one edge.

I Edge weight: w : E (G )→ R+ ∪ {0};
I P(M) = 1

Z

∏
e∈M w(e);

I Partition function Z =
∑

M

∏
e∈M w(e).

I When w(e) = 1, ∀e ∈ E (G ), Z is the total number of perfect
matchings.



Perfect matching, dimer, and tiling

of exactly one edge. See Figure 1.
In these lectures we will deal only with bipartite planar graphs. A

graph is bipartite when the vertices can be colored black and white in such
a way that each edge connects vertices of different colors. Alternatively,
this is equivalent to each cycle having even length. Kasteleyn showed how
to enumerate the dimer covers of any planar graph, but the random sur-
face interpretation we will discuss is valid only for bipartite graphs. There
are many open problems involving dimer coverings of non-bipartite planar
graphs, which at present we do not have tools to attack. However at present
we have some nice tools to deal with periodic bipartite planar graphs.

Our prototypical examples are the dimer models on Z2 and the honey-
comb graph. These are equivalent to, respectively, the domino tiling model
(tilings with 2 × 1 rectangles) and the “lozenge tiling” model (tilings with
60◦ rhombi) see Figures 1 and 2.

Figure 1:

Dimers on the honeycomb have been studied in chemistry [17, 7] where
they are called Kekulé structures. The honeycomb is after all the structure
of graphite, each carbon atom sharing one double bond with a neighbor.

1.2 Uniform random tilings

Look at a larger domino picture and the lozenge picture, Figures 3 and
4. These are both uniform random tilings of the corresponding regions,
that is, they are chosen from the distribution in which all tilings are equally
weighted. In the first case there are about e455 possible domino tilings and
in the second, about e1255 lozenge tilings 1 These two pictures clearly display
some very different behavior. The first picture appears homogeneous (and

1How do you pick a random sample from such a large space?
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Figure: Perfect matching on square grid and domino tiling (by R. Kenyon)

Figure 2:

we’ll prove that it is, in a well-defined sense), while in the second, the densities
of the tiles of a given orientation vary throughout the region. A goal of these
lectures is to understand this phenomenon, and indeed compute the limiting
densities as well as other statistics of these and other tilings, in a setting of
reasonably general boundary conditions.

In figures 5 and 6, we see a uniform random lozenge tiling of a triangular
shape, and the same tiling rotated so that we see (with a little imagination)
the fluctuations. These fluctuations are quite small, in fact of order

√
log n

for a similar triangle of side n. This picture should be compared with
Figure 7 which shows the one-dimensional analog of the lozenge tiling of a
triangle. It is just the graph of a simple random walk on Z of length n = 100
conditioned to start and end at the origin. In this case the fluctuations
are of order

√
n. Indeed, if we rescale the vertical coordinate by

√
n and

the horizontal coordinate by n, the resulting curve converges as n → ∞ to a
Brownian bridge (a Brownian motion started at the origin and conditioned
to return to the origin after time 1).

The “scaling limit” of the fluctuations of the lozenge tiling of a triangle
is a more complicated object, called the Gaussian free field. We can think of
it as a Gaussian random function but in fact it is only a random distribution
(weak function). We’ll talk more about it later.
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Figure: Perfect matching on hexagonal lattice and lozenge tiling (by R.
Kenyon)



Asymptotic behavior

Figure: Limit shapes of uniform random tilings on square grid and
hexagonal lattice (by James Propp)



Previous work

I (Cohn, Kenyon and Propp 2001) A variational principle for
domino tilings

I (Okounkov, Reshetikhin 2001) Correlation function of Schur
process with application to local geometry of a random
3-dimensional Young diagram

I (Kenyon, Okounkov 2007) Explicitly solved the variational
problem, obtain limit shape and frozen boundary for uniform
lozenge tilings with certain boundary condition

I (Petrov, Gorin, Panova, Bufetov, Knizel, 2012-2018) Uniform
perfect matchings on hexagon lattice and square grid with
certain boundary conditions: limit shape and height
fluctuation

I (Boutillier, Bouttier, Chauy, Corteel, Ramassamy, 2015)
Dimers on rail yard graph as a Schur process, correlation
function



Whole-plane lattice: local structures
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Figure: between levels m and m + 1
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Figure: between levels m − 1
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Figure: between levels m − 1
2 and m when am = 1



Contracting lattice example: square grid

y1 y1 y1 y1

x1 x1 x1 x1 x1 x1

y2 y2 y2 y2 y2 y2

x2 x2 x2 x2 x2 x2

y3 y3 y3 y3 y3 y3

x3 x3 x3 x3 x3 x3

y4 y4 y4 y4 y4 y4

x4 x4 x4 x4 x4 x4

Figure: Rectangular Aztec diamond with N = 4, m = 2, Ω = (1, 3, 5, 6),
and ai = 0.



Contracting lattice examples: hexagon lattice

x1 x1 x1 x1 x1

x2 x2 x2 x2

x3 x3 x3

x4 x4

Figure: Contracting hexagon lattice with N = 4, m = 2, Ω = (1, 2, 4, 6),
and ai = 1.



Contracting lattice examples: square-hexagon lattice

x1 x1 x1 x1 x1

y2 y2 y2 y2 y2

x2 x2 x2 x2 x2

x3 x3 x3 x3

Figure: Contracting square-hexagon lattice with N = 3, m = 3,
Ω = (1, 3, 6), (a1, a2, a3) = (1, 0, 1).



Overview

I Uniform boundary condition: Ω = (1, `, 2`, . . . ,N`); ` ∈ N+

fixed.

I Piecewise boundary condition:

Remaining V ertices Removed V ertices Remaining V ertices Removed V ertices Remaining V ertices

I xi+1,N

xi,N
≤ N−α, where 1 ≤ i ≤ n − 1, α > 0.

I x1 = x2 = . . . = xn = 1, {yi}i∈I2 periodic.



Partition, Schur function and counting measure

I Partition of length N: an N-tuple of non-increasing,
nonnegative integers: µ = (µ1 ≥ µ2 ≥ . . . ,≥ µN ≥ 0).

I GT+
N : all the partitions of length N.

I λ ∈ GT+
N .

I rational Schur function

sλ(u1, . . . , uN) =
deti ,j∈1,...,N(u

λj+N−j
i )∏

1≤i<j≤N(ui − uj)

I Counting measure:

m(λ) =
1

N

N∑
i=1

δ

(
λi + N − i

N

)
. (1)



Correspondence between partition and dimer configurations

m

m− 1
2

Figure: partition on the level-
(
m − 1

2

)
row: (1 0)

I m ∈ {0, 1, 2, . . .};
I P-vertices (resp. Q-vertices): vertices incident to at least one

present edge (resp. vertices incident to only absent edges)
between Levels m − 1

2 and m .

I Assume at level m − 1
2 of R(Ω, ǎ) has pj P-vertices and qj

Λ-vertices.

I The dimer configuration on level m − 1
2 corresponds to a

partition λ(pj ) ∈ GTpj , where for 1 ≤ i ≤ pj , λ
(pj )
i is the

number of Q-vertices on the right of the ith P-vertex
(counting from the left)



Partition function and Schur polynomial

Theorem
(Boutillier and Li, 2017) The dimer partition function on R(Ω, ǎ)
with these weights is given by

Z =

∏
i∈I2

Γi

 sω(x1, . . . , xN)

where

Γi =
N∏

t=i+1

(1 + yixt)

I2 = {k ∈ {1, . . . ,N}|ak = 0}.



Uniform bottom boundary condition and periodic weights

I `: fixed positive integer

I Uniform boundary condition:
ω = ((N − 1)(`− 1), (N − 2)(`− 1), . . . , `− 1, 0).

I sω(x1, . . . , xN) =
∏

1≤i<j≤N
x`i −x`j
xi−xj .

I xi = x[i mod n]; yi = y[i mod n].



Limit shape for uniform bottom boundary condition and
periodic weights

Figure: Limit shape of perfect matchings on the square-hexagon lattice
with weights y1 = 3, x1 = 0.3, x2 = 0.8, y3 = 0.5, x3 = 1.4, x4 = 1.8 and
` = 1



Limit shape for uniform bottom boundary condition and
periodic weights

Figure: Limit shape of perfect matchings on the square-hexagon lattice
with weights y1 = 3, x1 = 10, x2 = 0.1, y3 = 0.5, x3 = 3.0, x4 = 0.3 and
m = 2



Limit shape for uniform bottom boundary condition and
periodic weights

I κ ∈ (0, 1).
I

Qκ(u) =
1

1− κ (2)1

n

∑
1≤j≤n

log

(
um − xmj
u − xj

)
+
κ

n

∑
i∈{1,2,...,n}∩I2

log(1 + yiu)

 .(3)

I mκ: the limit of the counting measure for the partition
corresponding to the dimer configuration on the b2κNcth row
of the square-hexagon lattice, counting from the bottom.

I (Boutillier, Li 2017)∫
R
xpmκ(dx)

=
1

2(p + 1)πi

∮
Cx1,...,xn

dz

z

zQ ′κ(z) +
n∑

j=1

z

n(z − xj)

p+1

:= Ip,



Proof of the limit shape with uniform bottom boundary
condition

I 1 ≤ k ≤ 2N + 1, t = bk2 c.
I ρk : probability measure for random partitions corresponding

to the dimer configurations on the kth row of R(Ω, ǎ),
counting from the bottom.

I X (N−t) = (xt+1, . . . , xN) where i = [i mod n].

I Y (t) = (x1, . . . , xt).

I Schur generating function (definition):

Sρk ,X (N−t)(u1, . . . , uN−t) =
∑

λ∈GT+
N−t

ρk(λ)
sλ(u1, . . . , uN−t)

sλ(X (N−t))
.



Proof of the limit shape with uniform bottom boundary
condition

I By Schur branching formula,

Sρk ,X (N−t)(u1, . . . , uN−t) =
sω(u1, . . . , uN−t ,Y (t))

sω(X (N))∏
i∈{1,2,...,t}∩I2

N−t∏
j=1

(
1 + yiuj

1 + yixt+j

)

I VN =
∏

1≤i<j≤N(ui − uj);

I Dp = 1
VN

∑N
i=1

(
ui

∂
∂ui

)p
VN ;

I λ(N−t): partition corresponding to dimer configurations on the
(2t)th or (2t + 1)th row of R(Ω, ǎ), counting from the
bottom.



Proof of the limit shape with uniform bottom boundary
condition

I

E
(∫

R
xpm

[
λ(N−t)

]
dx

)m

=
1

[(1− κ)N]m(l+1)
(Dp)m

Sρk ,X (N−t)(u1, . . . , uN−t)
∣∣∣
(u1,...,uN)=(x1,...,xN)

I Analyzing the leading terms,

E
(∫

R
xpm

[
λ(N−t)

]
dx

)
≈ Ip

E
(∫

R
xpm

[
λ(N−t)

]
dx

)2

≈ I 2
p



Frozen Boundary

I R := 1
NR(Ω, ǎ);

I Liquid region L: the set of (χ, κ) inside R such that the
density of mκ there is neither 0 nor 1.

I Fact: density f (x) of a measure η and Stieltjes transform:
f (x) = − limε→0+

1
π Im[Stη(x + iε)].



Frozen boundary when m = 1

U(z) =
z

n

∑
i∈{1,2,...,n}∩I2

yi
1 + yiz

, V (z) =
n∑

j=1

z

n(z − xj)
.

Frozen boundary

(χ, κ) =

(
U(z)V ′(z)− U ′(z)V (z)

V ′(z)− U ′(z)
,

V ′(z)

V ′(z)− U ′(z)

)
;

A cloud curve of rank m + n.



Frozen boundary when m = 2

W (z) =
z

n

∑
1≤j≤n

1

z + xj
;

then

χ =
W ′(z)U(z) + V ′(z)U(z)− U ′(z)V (z)−W ′(z)V (z)

V ′(z)− U ′(z)
+ W (z),

κ =
V ′(z) + W ′(z)

V ′(z)− U ′(z)
;

for (χ, κ) on the frozen boundary. If we have m′ distinct values of
xi ’s in the fundamental domain, then for z = xi , we get that the
the points (U(xj) + W (xj), 1) are m′ tangent points of the frozen
boundary to the line κ = 1.



A formula for Schur function

I λ(N) ∈ GT+
N

I ΣN : symmetric group of N-elements.

I σ ∈ ΣN .

I ΣX
N = {σ ∈ ΣN : xi = xσ(i)}.

I [ΣN/ΣX
N ]r : all the right cosets of ΣX

N in ΣN

I ησj (N) = |{k : k > j , xσ(k) 6= xσ(j)}|.
I Φ(i ,σ)(N) = {λj(N) + ησj (N), xσ(j) = xi}.
I φ(i ,σ)(N): the partition obtained by decreasingly ordering

elements in Φ(i ,σ)(N).



A formula for Schur function

Theorem
(Li, 2018)λ ∈ GT+

N

sλ(x1, . . . , xN) =
∑

σ∈[ΣN/ΣX
N ]r

(
n∏

i=1

x
|φ(i,σ)(N)|
i

)(
n∏

i=1

sφ(i,σ)(N)(1, . . . , 1)

)

×

 ∏
i<j ,xσ(i) 6=xσ(j)

1

xσ(i) − xσ(j)





Corollary
I 1 ≤ k ≤ N and k = qn + r , where r < n and q, r are positive

integers.
I

wi =

{
ui if 1 ≤ i ≤ k
xi if k + 1 ≤ i ≤ N

I

sλ(w1, . . . ,wN) =∑
σ∈[ΣN/ΣX

N ]r

(
n∏

i=1

x
|φ(i,σ)|
i

)(
r∏

i=1

sφ(i,σ)

(
ui
xi
,
un+i

xi
. . . ,

uqn+i

xi
, 1, . . . , 1

))

×
(

n∏
i=r+1

sφ(i,σ)

(
ui
xi
,
un+i

xi
. . . ,

u(q−1)n+i

xi
, 1, . . . , 1

))

×

 ∏
i<j ,xσ(i) 6=xσ(j)

1

wσ(i) − wσ(j)





Assumptions on edge weights

I x1,N > x2,N > . . . > xn,N > 0;

I N
n is a positive integer;

I xi ,N = xj ,N if [i mod n] = [j mod n];

I

lim inf
N→∞

log
(

min1≤i<j≤n
xi,N
xj,N

)
logN

≥ α > 0,

I α: a sufficiently large positive constant independent of N.



Piecewise boundary condition

I ω: partition on the bottom boundary.

I Let 1 ≤ i ≤ n − 1, for any p ≥ iN
n > q, ωp > ωq.

I µ1 > . . . > µt are all the distinct elements in ω1, . . . , ωN , with
t a finite integer independent of N.

I 1 ≤ p < q ≤ s, C1N ≤ µp − µq ≤ C2N



Limit shape with piecewise boundary condition

∫
R
xpmκ(dx) =

1

2n(p + 1)πi

n∑
i=1

∮
C1

dz

z

(
zQ ′i ,κ(z) +

n − i

n
+

z

n(z − 1)

)p+1

where for i = 1

Qi ,κ(z) =

Hmi (z)− (n − i) log z + κ
∑

r∈{1,2,...,n}∩I2
log

1 + yrzx1

1 + yrx1


for 2 ≤ i ≤ n,

Qi ,κ(z) =
1

(1− κ)n
[Hmi (z)− (n − i) log z ]



Limit shape with piecewise boundary condition

I σ0 ∈ [ΣN/ΣX
N ]r , such that xσ0(1) ≥ xσ0(2) ≥ . . . ≥ xσ0(N).

I mi : the limit of the counting measure for φ(i ,σ0).

I H ′mi
(u) =

St
(−1)
mi

(u)

u − 1
u−1 .

I

sλ(x1, . . . , xN) ≈
(

n∏
i=1

x
|φ(i,σ0)(N)|
i

)(
n∏

i=1

sφ(i,σ0)(N)(1, . . . , 1)

)

×

 ∏
i<j ,xσ0(i) 6=xσ0(j)

1

xσ0(i) − xσ0(j)





Proof of Limit Shape

sλ(w1, . . . ,wN) ≈(
n∏

i=1

x
|φ(i,σ0)|
i

)(
r∏

i=1

sφ(i,σ0)

(
ui
xi
,
un+i

xi
. . . ,

uqn+i

xi
, 1, . . . , 1

))

×
(

n∏
i=r+1

sφ(i,σ0)

(
ui
xi
,
un+i

xi
. . . ,

u(q−1)n+i

xi
, 1, . . . , 1

))

×

 ∏
i<j ,xσ0(i) 6=xσ0(j)

1

wσ0(i) − wσ0(j)





Asymptotic Analysis
I |ΣN | = N!, ΣX

N =
[(

N
n

)
!
]n

, hence
limN→∞ 1

N log |(ΣN/ΣX
N)r | = n.

I for any σ ∈ ΣN ,

∣∣∣∣∏i<j,xσ0(i) 6=xσ0 (j)(xσ0(i)−xσ0(j))∏
i<j,xσ(i) 6=xσ(j)(xσ(i)−xσ(j))

∣∣∣∣ = 1.

I

∣∣∣∣∣ xλ1
σ0(1)

...x
λN
σ0(N)

x
λ1
σ(1)

...x
λN
σ(N)

∣∣∣∣∣ ≥ (min1≤i<j≤n
xi
xj

)D(σ0,σ)
; where Dσ0,σ is a

certain function measuring the difference of σ0 and σ

I
∣∣∣∣∏i<j,xσ0(i) 6=xσ0 (j) xσ0(i)∏

i<j,xσ(i) 6=xσ(j) xσ(i)

∣∣∣∣ =
∣∣∣∏xi 6=xj ,σ

−1
0 (i)>σ−1

0 (j),σ−1(i)<σ−1(j)
xj
xi

∣∣∣ ≥
1

I sφ(i,σ)(1, . . . , 1) =
∏

1≤j<k≤N
n

φ
(i,σ)
j −φ(i,σ)

k +k−j
k−j .

I sφ(i,σ0)(1, . . . , 1) ≥ 1.
I Under the assumption of edge weights,∣∣∣∣∣sφ(i,σ0)(1, . . . , 1)

sφ(i,σ)(1, . . . , 1)

∣∣∣∣∣ ≥ N−CD(σ0,σ)

for some constant C .



Proof of Limit Shape

lim
N→∞

1

N
log

[
sλ(w1,N , . . . ,wN,N)

sλ(x1,N , . . . , xN,N)

]
=

k∑
i=1

[Pi (ui )]

where

1. if [i mod n] 6= 0, Pi (u) =
Hm[i mod n]

(u)

n − (n−[i mod n]) log(u)
n .

2. if [i mod n] = 0, Pi (u) = Hmn (u)
n .



Frozen Boundary

I Stmκ(x) =
∑n

i=1 log(zi (x)); zi (x) is a root of Fi ,κ(z) = x , and

Fi ,κ(z) = zQ ′i ,κ(z) +
n − i

n
+

z

n(z − 1)
.

I Fi ,κ(z) = x has at most one pair of complex conjugate roots.

I For 1 ≤ i ≤ n, the condition on (χ, κ) such that
Fi ,κ(z) = χ

1−κ has double roots are disjoint cloud curves.



Limit shape with piecewise boundary condition

0 2 4 6 8 10 12 14

0

0.5

1

Figure: Frozen boundary for a contracting hexagonal lattice when n = 2,
(r1, r2, r3, r4) = (12, 8, 5, 2), represented by the union of the red curve and
the blue curve.

0 2 4 6 8 10 12 14

0

0.5

1

Figure: Frozen boundary for a contracting square hexagon lattice with
n = 2, |I2 ∩ {1, 2}| = 1 when (r1, r2, r3, r4) = (12, 8, 5, 2), cr = 1

2 ,
represented by the union of the red curve and the blue curve.



Gaussian Unitary Ensemble (GUE)

I GUE: a random Hermitian matrix whose eigenvalues
ε1 ≥ ε2 ≥ . . . εk have a distribution PGUEk

on Rk with a
density with respect to the Lebesgue measure on Rk

proportional to:

∏
1≤i<j≤k

(εi − εj)2 exp

(
−

k∑
i=1

ε2
i

)
,



Dimers near the top and GUE

I x1 = . . . = xN = 1.

I yi = y[i mod n].

I λk(N) be the signature corresponding to the dimer
configuration incident to the (N − k + 1)th row of white
vertices in R(Ω(N), ǎ), and for 1 ≤ l ≤ k ,

I bNkl = λkl (N) + N − l .

I ψ1 =
∫
R xdm1; ψ2 =

∫
R x2dm1

where m1 is the limit counting measure of signatures on the
top of R(Ω(N), ǎ).

I

b̃
(N)
kl =

b
(N)
kl√
N
−
√
N
(
ψ1 − 1

2 + 1
n

∑
i∈I2∩{1,...,n}

yi
1+yi

)
ψ2 − ψ2

1 − 1
12 + 1

n

∑
i∈I2∩{1,2,...,n}

yi
(1+yi )2

, 1 ≤ l ≤ k .



Theorem
(Boutillier and Li 2017) For any fixed k , the distribution of(
b̃

(N)
kl

)k
l=1

converges weakly to PGUEk
as N →∞.

I (q1, . . . , qk) ∈ Rk be a random vector with distribution P
I Q = diag[q1, . . . , qk ].

I P is PGUEk
if and only if for any diagonal matrix P,

E
∫
U(k)

exp[Tr(PUQU∗)]dU = exp

(
1

2
TrP2

)
.



Figure: Limit shape of perfect matchings on the square-hexagon lattice
with periodic weights x1 = x2 = x3 = x4 = 1, y1 = 3, y3 = 0.5.



Thank you!
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