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Part 1: Ashkin—Teller model

Proofs:

Six-vertex Input from the FK model
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@
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@ Coupling g(i,j) =1 = f(i = 1,j)
heights
Exp. decay of clusters in £*
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coupling
FK model ° °

FK model with
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Ashkin—Teller model: definition

Finite domain Q C Z?2 (box N x N).
A pair of spin configurations: 7,7 € {+1, -1}V,
Boundary conditions (free, +): 7 = 7" on 9Q.

'43 Ashkin—Teller model with parameters J, U € R:

@ /—\Tgej[f =1.exp Z (i + i) + Unimi 7]

i~
Case U = 0: two independent Ising models.

Question: ordering in 7, 7/, 77'7?
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Ashkin—Teller model: conjectured phase diagram

J=U .~
4-Potts.* exp [ZiNj J(rimy + 7)) + UT,‘T,{TJ'TJ-/:|
g
sinh2J = e~2

- o
-
-
-

I: 7,7/, 77’ are ferromagnetically ordered,;

7,7, 77" are disordered:;
. v, 7, v disordered

: 7,7 are disordered, 77’ is ferromganeti rdered:;
Il: 7, 7" are disordered, 77’ is ferromganetically ordered
IV: 7,7’ are disordered, 77’ is anti-ferromganetically ordered.

Self-dual curve sinh2J = e=2Y (— six-vertex model): critical only when U < J.
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Ashkin—Teller model: conjectured phase diagram

J=U .~
4-Potts.* exp [ZiNj J(rimy + 7)) + UT,‘T,{TJ'TJ-/:|

s Known results:
sinh2.J = e~2 @ three distinct regimes when

- U/J >> 1 [Pfister '82]

717 @ J > U: sharp phase transition
at the self-dual curve

\ o » [Duminil-Copin—Raoufi-Tassion '18]
I: 7,7/, 77’ are ferromagnetically ordered,;
7,7, 77" are disordered:;
I, v rr disordered
: 7,7 are disordered, 77’ is ferromganeti rdered:;
Il: 7, 7" are disordered, 77’ is ferromganetically ordered
IV: 7,7’ are disordered, 77’ is anti-ferromganetically ordered.

Self-dual curve sinh2J = e=2Y (— six-vertex model): critical only when U < J.
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Ashkin—Teller model: conjectured phase diagram

J=U .~
4-Potts.” exp [Ziwj J(miTj + T,-’Tj’) + UT,'TI-/TJ'TJ-/:|
g Known results:
sinh2J = e~2 @ three distinct regimes when
U/J >> 1 [Pfister '82]
@ J > U: sharp phase transition
at the self-dual curve

- o
-
-
-

117

o » [Duminil-Copin-Raoufi-Tassion '18]
0 U

Theorem

Let J < U be such that sinh2J = e=2Y. Then the weak limit ATf]ree * under

(free, +) b.c. exists and exhibits exponent/a/ decay of corre/at/ons of 7 (and ')
and ordering of the product 77’ :

free,+ —ali—jf free,+ / /
AT,y " (mimj) < Ce il AT,y " (miTiTiTi) = 6,

for some C,a, 6 > 0 depending on J, U.

Alexander Glazman (University of Fribourg) Six-vertex and Ashkin—Teller models: phase transition. 19th November 2019 5/24



Ashkin—Teller <+ Six-vertex: coupling via duality

free,+ /) / /
ATy o exp Z,-NJ- J(riTi + T,-Tj) + UT,'T,-TJ'TJ-:|
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Ashkin—Teller <+ Six-vertex: coupling via duality
© @ @ @ @

free,+ /) / /
. ATy o exp Z,-NJ- J(riTi + T,-Tj) + UT,'TI-TJ'TJ-:|

FK-lIsing-type representation £*:
2 @ @ 2 @

®
]
(Y

o if 7 =7;and 7/ = Tj’, then
je& wp 1l—e*andijg& wp. e
o if 77 # 7; or 7/ # 7/, then ij & £*;
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Ashkin—Teller <+ Six-vertex: coupling via duality
© @ @ @ @

free,+ /) / /
. ATy o exp Z,-NJ- J(riTi + T,-Tj) + UT,'TI-TJ'TJ-:|

FK-lIsing-type representation £*:
2 @ @ 2@

Q
]

O

o if 7 =7;and 7/ = Tj’, then
je& wp 1l—e*andijg& wp. e
o if 77 # 7; or 7/ # 7/, then ij & £*;
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Ashkin—Teller <+ Six-vertex: coupling via duality

f
ATG 0 o exp | iy J(7ims + 7)) + Uri] TJT/}
FK-lIsing-type representation £*:

. g o if 7 =7;and 7/ = Tj’, then
® ® @ ® je& wp 1—e*andijg & wp. e

e e % o if 1 # Tj or T,-/ #* 7-1-/, then jj & £,
Spin configurations (o®,c°):
© © © © @ Sonconfisustion (007

e & @ e ® of =17/,
e © & o o o o°(cluster of ¢) = 1 indep. w.p. 1/2.
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Ashkin—Teller <+ Six-vertex: coupling via duality
LI DLODLO

free,+ . /! o e
ATy o exp Ziwj J(riT; +T,-TJ-) + UT,TI-7'JTJ-:|

i 5 ? gg 5 § 5 % FK-Ising-type representation £*:
@a@e@ﬁ@ﬂb@ oifT,:ﬁandT,-’:Tj/,then

® @a e %@EB T e je& wp 1l—e*andijg& wp. e
Ter@ecen®m °fnAmorT AT then g

e e @a o ﬁ@ P Spin configurations (o, c°):
TeTeneTen °oT |

e e e e ° o°(cluster of £) = &1 indep. w.p. 1/2.
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Ashkin—Teller <+ Six-vertex: coupling via duality

g ? g ig ? g ? g ATgej:j ocexp | J(Tim + 7iT]) + UT{TI-/TJ'TJ-/:|

. FK-Ising-type representation £*:
o if 77 = 7; and 7/ = 7/, then

jec*wp 1—e*andij&gec wp. e
o if 77 # 7; or 7/ # 7/, then ij & £*;

Spin configurations (¢®,0°):

e Y
008
TereT e
TQTOT
TeNer e
erenes
CY0f 12X
EC L)
erere®

° of =77/
el 1ok 1ok XK ) o o°(cluster of £) = £+1 indep. w.p. 1/2.
P(c®,0°%) = Z 2 KOP(o®, c) = Z 27 k() Z P(r, 7', &)

S
)
@

lo®,0° lo®,o° T'=0*

§ —k 1—e €71 —4J =7 =7 free,+ /
= 2 ()( = ) Z e M IIAT G (7, 7)

lo®,o° Tr!=0®,TLEF
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Ashkin—Teller <+ Six-vertex: coupling via duality

g ? g ig ? g ? g ATgej:j ocexp | J(Tim + 7iT]) + UT{TI-/TJ'TJ-/:|

. FK-Ising-type representation £*:
o if 77 = 7; and 7/ = 7/, then

jec*wp 1—e*andij&gec wp. e
o if 77 # 7; or 7/ # 7/, then ij & £*;

Spin configurations (¢®,0°):

el oY)
0F0-08F
B L)
TQTOT
ereNere®
v G8leDnes
CYeN YO 1oX )

e .__ /.
@ o} =TT},

o o°(cluster of ¢) = 1 indep. w.p. 1/2.

TN TOT
QL0 TeT®

[
@
e
S

P(U.,JO) — 2_k( )]PJ(O—.7 ) = Z 2_k( ) Z IED(7—77—/76*)
lo®,o° lo®,0° TT'=0%
— |£*‘ ’ 7
w3 2HO(m) T 3 )
Lo®,o° TT/=0®,TLE"
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Ashkin—Teller <+ Six-vertex: coupling via duality

LY JoX Y= YK )
TereTe e

ATgfj”J ocexp | J(Tim + 7iT]) + UT,‘TI-/TJ'TJ-/:|
FK-Ising-type representation £*:
o if 77 = 7; and 7/ = 7/, then
jec*wp 1—e*andij&gec wp. e
o if 77 # 7; or 7/ # 7/, then ij & £*;
Spin configurations (¢®,0°):
° of =77/

o o°(cluster of ¢) = 1 indep. w.p. 1/2.

KOPet )= Y 27K N P(r, )

L0100 O
ToTOT e
L0860
TOT@T@®T
erenere
TeTen e
FYE YOf 1oL

v TONOT® T
"L XL L)

=
q.
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lo®,0° lo®,0° TT'=0%
— ‘f*l L] .
w3 2k (lqu“) Y e
lo®,0° T/ =0®,TLE"
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Ashkin—Teller <+ Six-vertex: coupling via duality

LY JoX Y= YK )
TereTe e

ATgfj”J ocexp | J(Tim + 7iT]) + UT,‘TI-/TJ'TJ-/:|
FK-Ising-type representation £*:
o if 77 = 7; and 7/ = 7/, then
jec*wp 1—e*andij&gec wp. e
o if 77 # 7; or 7/ # 7/, then ij & £*;
Spin configurations (¢®,0°):
° of =77/

o o°(cluster of ¢) = 1 indep. w.p. 1/2.
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Ashkin—Teller <+ Six-vertex: coupling via duality

g ? g ig ? g ? g ATgej:j ocexp | J(Tim + 7iT]) + UT{TI-/TJ'TJ-/:|

. FK-lIsing-type representation £*:
o if 77 = 7; and 7/ = 7/, then
jec*wp 1—e*andij&gec wp. e
o if 77 # 7; or 7/ # 7/, then ij & £*;
Spin configurations (¢®,0°):
° of =77/

o o°(cluster of ¢) = 1 indep. w.p. 1/2.

CYoX Jox JeF )
ol Yot Yo Jo
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LYo Jor Yo
G fof Yol )&
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v TR OE O
CYGK OGN JoF )

P(c®,0°) = —K( )IP’(U', )= Z 27 K() Z P(r, 7", &%)
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Ashkin—Teller <+ Six-vertex: coupling via duality

g ? g ig ? g ? g ATgej:j ocexp | J(Tim + 7iT]) + UT{TI-/TJ'TJ-/:|

. FK-lIsing-type representation £*:
o if 77 = 7; and 7/ = 7/, then
jec*wp 1—e*andij&gec wp. e
o if 77 # 7; or 7/ # 7/, then ij & £*;
Spin configurations (¢®,0°):

el oY)
0F0-08F
B L)
TQTOT
ereNere®
=100 Yor &
X Y08 Jo) )
QLT O
PTOTeT O

e .__ /.
@ o} =TT},

o o°(cluster of ¢) = 1 indep. w.p. 1/2.
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Ashkin—Teller <+ Six-vertex: coupling via duality

LY JoX J=X JoK )
TeTeTe e

ATgefar x exp [Z/NJ J(rimy + i) + Uriiym, J}
FK—Ising-type representation £*:
o if 77 = 7; and 7/ = 7/, then
jec*wp. l—e*andijgec wp. e
o if 7; # 7j or 7/ # 7/, then ij & £¥;
Spin configurations (o, c°):

Y

S JOf JeX
COTO®
QTS

e ol =TT/,

@ o°(cluster of £) = £1 indep. w.p. 1/2.
oy e €l

(0°,0°) o2I—20)#{0} #0t} Z <e4j2_1)
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. o
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Ashkin—Teller <+ Six-vertex: coupling via duality

g ? g ig ? g ? g ATgej:j ocexp | HriTj 4+ 7i7)) + UniTi 7y j}

FK-Ising-type representation £*:

CLOLOTOm@ v e
PeTOT@T®m LT _ e e
e@%@%@%@% je& wp. 1—e ™ and ij €& wp. e
@9@%@9@%@ o if 77 # 7; or 7/ # 7/, then ij & £*;
Spin configurations (J’,a ):
QPTODLROPDO®
o . I
TOTOLOGD % T
e TeTe e o o°(cluster of ¢) = 1 indep. w.p. 1/2.
L] (7' (7. |§|
P(c®,0°) o e/ 72U)# Eadh Z (ﬁ)
lo®,0°
ot #9] DI@ ot =07 i of =] @
0% = 0% (T*?é % = 0
RN @ R
2(32']72(; =1 1 64',"1'1 .
ST T EEASE
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Ashkin—Teller <+ Six-vertex: coupling via duality

LDV DO
TP ETODO®D

el oY)
0F0-08F
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TN ed
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Alexander Glazman (University of Fribourg)

Six-vertex and Ashkin—Teller models: phase transition.

ATgejJ o< exp Ziwj J(riTi + 7/ 7] N+ UnitimiT j}

FK-Ising-type representation £*:

o if 77 = 7; and 7/ = 7/, then
jec*wp 1—e*andij&gec wp. e
o if 77 # 7; or 7/ # 7/, then ij & £*;
Spin configurations (J’,a ):
° of =77/
o o°(cluster of £) = £+1 indep. w.p. 1/2.
Z ﬁ) « o cdoubleagreement [Giy\/artey]

lo®,0°

”‘”]@ﬂ of =07 L@
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et 41

1 m:C
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Correlations in Ashkin—Teller via six-vertex and &

Fix J < U such that sinh2J = e 2V, Take ¢ :=

CYex Jor YeX Jor )
TOrTeTeren
T o )eF oK)
POeTOTSTOD
C3EY JoF JoY Yor )
Tereeren
T8 6T
TeTOLeTeD
CYEr Yof XaX XK )

4J+1

e
LY

1

> 2.
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Correlations in Ashkin—Teller via six-vertex and &

Fix J < U such that sinh2J = e2U. Take ¢ := &4 5 2.

T M1

PP OO @ To prove ATTS/’JF(T,-T’.’TJ-TJ() >4
Since ¢? := 7;7/, this is equivalent to:

S JON NG JON JS e
QELODODOL O SixVe(ata?) > 6.
T0TOTeTeD
C3EY JoF JoY Yor )
Tereeren
Yo JE oL ST )
SY JOX JOR SO Yo
QPTG TOTO
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Correlations in Ashkin—Teller via six-vertex and &

Fix J < U such that sinh2J = e2U. Take ¢ := &4 5 2.

et/ —1

0@ O @ To prove ATTS’JF(T,-T’.’TJ-TJ() >0
Since o := 7;7/, this is equivalent to:
S JON NG JON JS e
QELOLOTOD S SixV(otaf) > 4.
POTOTSTSD f 3
@5 a & " - a T @ @ To prove ATJr,e57+(T,'Tj) < Ce—ali=il.
Enough to show
PODL@O@OB®D
PPODIODOD O We saw: SixVe(0°(1)o°(j)) = Pe(i <5 ).
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Correlations in Ashkin—Teller via six-vertex and &

Fix J < U such that sinh2J = e 2V, Take ¢ := e:j“

CYex Jor YeX Jor )
TOrTeTeren
T o )eF oK)
POTOTGTOD
C3EY JoF JoY Yor )
Tereeren
T8 6T
TOTOLe TS D
CYEr Yo XX XL )

PO e
e 01

1
e To prove ATfree
Since o} = T,T

> 2.

+
(ritiT J) >4
this is equivalent to:

SixVe(ofol) > 6.

e To prove ATfree
Enough to show

free,
ATJ,U'+(TiTj)

We saw: SixV(o

Te e
e- oo

+(T,'7'j') < Ce—ali=il.

*

=P (i < j) < Ceeli—l,

°(No° () = Pe(i < J).
e ®
0 @+
e+ 1+ ®
a1
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Part 2: Six-vertex model

Ashkin—Teller &

representation

FK-Ising-type . l

Proofs:
Input from the FK model

T-circuits

Coupling g(i,j) =1— f(i —1,7)

Exp. decay of clusters in £*
Baxter-Kelland-Wu

coupling

FK model ° °
FK model with

/ boundary-cluster weight ¢,
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Six-vertex model

@;@2 @ D@ @%Q @ D
Ot Qo Otd o Qo O
Six-vertex model:
Q@ O®@ VIO @ @ W@ #fowe,
o' O 0 O @ Ot
1 1 1 1 c c
Ay A A Y+
=y VY i+
R e
A =+
A Ay +
P
R s
A ]+
A H A Y+
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Six-vertex model

QP DO D@
é%@ S0 Ot
OI@ OO OO
o0 O 0O

1 1 1

@
o

0 @&
el ) 6)%6

&0
e '@

Known results:

e h— GFF : ¢ = /2 (dimers) [Kenyon "00],
¢ ~ V2 [Giuliani-Mastropietro—Toninelli '16]

@ log. fluctuations: ¢ =1 [Sheffield '05],
[Chandgotia—Peled—Sheffield—Tassy '18],
[Duminil-Copin—Harel-Laslier—Raoufi—Ray "18]

o free energy: ¢ > 2 [Duminil-Copin—Gagnebin—
Harel-Manolescu—Tassion '16]
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Six-vertex model

S0
St

Six-vertex model:
D@ D@ VIO D@ @ @ #fgowe,
oY O O Ot

1 1 1 1 c c

S
St

S
O\
S
OIS

Theorem

e Order when ¢ > 2: convergence of measures with 0/1 b.c., all extremal
transl.-inv. Gibbs measures can be obtained as limits under n/n+ 1 b.c., for
some n; & has an infinite cluster with logarithmically small holes.

o Disorder when ¢ = 2: logarithmic variations of heights, no extremal
transl.-inv. Gibbs measures; spin measures under + and — b.c. are the same.

o FKG: marginals 0® and c° when ¢ > 1; marginal on & when ¢ > 2.

When ¢ = 2, £ coincides with the critical FK configuration at g = 4.
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Part 3: Baxter—Kelland—Wu coupling six-vertex <+ FK

Ashkin—Teller &

FK-Ising-type .
representation s
Proofs:

Six-vertex Input from the FK model

model T-circuits

@
o -
@

Coupling g(i, j) = 1 — f(i — 1,5)

Exp. decay of clusters in £*

FK model with

boundary-cluster weight ¢,
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Random-cluster (Fortuin—Kasteleyn) model

Parameters p € (0,1), g > 0, finite graph G (box Q \ <>\Q

on Z?), edge-config. w € {open, closed } E(¢)

FKG,q,p(w) — é_p#open(w)(1_p)#closed(w)q#cluster(w)> ’

Wired b.c.: all boundary points are identified.
Free b.c.: no boundary points are identified.
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Random-cluster (Fortuin—Kasteleyn) model

Parameters p € (0,1), g > 0, finite graph G (box Q \ <>\Q

on Z?), edge-config. w € {open, closed } E(¢)

FKG,q,p(w) — é_p#open(w)(1_p)#closed(w)q#cluster(w)> ’

Wired b.c.: all boundary points are identified.
Free b.c.: no boundary points are identified.

@ g > 1, phase transition at p. = \/‘a/zl: infinite cluster exists if p > p. and

does not if p < p. [Beffara—Duminil-Copin '12]
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Random-cluster (Fortuin—Kasteleyn) model

Parameters p € (0,1), g > 0, finite graph G (box Q \ <>\Q

on Z?), edge-config. w € {open, closed } E(¢)
FK¢ q p(w) — é_p#open(w)(1_p)#closed(w)q#cluster(w)>‘:

Wired b.c.: all boundary points are identified.
Free b.c.: no boundary points are identified.

@ g > 1, phase transition at p. = \/\E/il: infinite cluster exists if p > p. and
does not if p < p. [Beffara—Duminil-Copin '12]
o g€ [1,4]: FKy2 = FKI', no infinite cluster

[Duminil-Copin—Sidoravicius—Tassion '17]
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Random-cluster (Fortuin—Kasteleyn) model

Parameters p € (0,1), g > 0, finite graph G (box Q \ <>\Q

on Z?), edge-config. w € {open, closed } E(¢)
FK¢ q p(w) — é_p#open(w)(1_p)#closed(w)q#cluster(w)>’:

Wired b.c.: all boundary points are identified.
Free b.c.: no boundary points are identified.

@ g > 1, phase transition at p. = \/\E/il: infinite cluster exists if p > p. and
does not if p < p. [Beffara—Duminil-Copin '12]

o g€ [1,4]: FKy2 = FKI', no infinite cluster
[Duminil-Copin—Sidoravicius—Tassion '17]

e g>4& FKWIred exhibits an infinite cluster with log. small holes
[Duminil- Copm—Gagnebin—HareI—ManoIescu—Tassion '16]
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Random-cluster (Fortuin—Kasteleyn) model

o o.\oo,o
(© » o W o & ©

@:o
o W o

Parameters p € (0,1), g > 0, finite graph G (box
on Z?), edge-config. w € {open, closed }£(¢):

o
FKG,q,p(w) — é_p#open(w)(1_p)#closed(w)q#cluster(w)‘>o‘.’

Wired b.c.: all boundary points are identified.
Free b.c.: no boundary points are identified.

\/\E/il: infinite cluster exists if p > p. and

does not if p < p. [Beffara—Duminil-Copin '12]
o g€ [1,4]: FKy2 = FKI', no infinite cluster
[Duminil-Copin—Sidoravicius—Tassion '17]

o W o e

@ g > 1, phase transition at p. =

e g>4& FK‘;’,i;fd exhibits an infinite cluster with log. small holes

[Duminil-Copin—Gagnebin—Harel-Manolescu—Tassion '16]
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Six-vertex <> random-cluster: Baxter—Kelland—=Wu coupling

h ~ height function on D with 0/1 b.c. and parameter ¢ = e*/? + e=*/2 > 2
n ~ critical FK config. on D* with free b.c. and parameter g = [e* + e™*]? > 4

Proposition

Variables h and n can be coupled in such a way that h is constant on clusters
of n and n*. The joint law can be written in either of the two following ways:

(hom)~exp | Y (h(C") = h(C))(~1) cmect |, (1)

C~Cx* clusters

(hm)~ep |3 D (AU)+hG) — () = AG(D)'rn | (2)
i~j black
Alexander Glazman (University of Fribourg) Six-vertex and Ashkin—Teller models: phase transition. 19th November 2019 12/24



q = [e* + e *]?> > 4. Coupling — h is constant on clusters of 1 and 7*,

Mﬂﬁwem[A 3 M«?%—M@X—U”mmww (1)

C~C* clusters

@@@@@@@@ @ L0 JOX 0 JOX 0 JOY 0 JOX ) (@)

@@@@@ @ 000D

(1): clusters of 1 or n* contribute e* + e~*; use k(n*) — k(n) ~

k k(n* k(n*)—k 2k #open(n)
Z (1) x /g (m)+k(n™) =/ (") (n)\/a M) & (1fcpc>
hLlnm*
o pfﬁopen(n)(l - pc)#closed('r]) q#clusters(n)'
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c=e?2 4+ e *2>2 Coupling — h is constant on clusters of 1 and 7*,

(hon)~exp [2 D" (h(i) + h(j) — h(i*) — h(j*))(—1) soren )

9@ O
a0 op ce @eﬁﬁ
© 00 00 00 g g
00 00

o= M2 o2

(2): ij contributes e/2 + e=*/2 if h(i) = h(j) and h(i*) = h(j*) and 1, otherwise.
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Six-vertex <» random-cluster: boundary weights

h ~ height function on D with 0/1 b.c. and parameter ¢ = e*/2 + e=*/2 > 2
n ~ critical FK config. on D* with free b.c. and parameter g = [e* + e™*]? > 4
Proposition

Variables h and 1 can be coupled in such a way that h is constant on clusters
of n and n*. The joint law can be written in either of the two following ways:

() ~ew|X 3 (HE) — Ot |, e)

C~Cx* clusters

(hyn) ~exp [2 D" (h(i) + h(j) — h(i*) — hG*))(=1)leren | (2)

i~j black

(1): clusters of n or n* contribute e* + e=*; use k(n*) — k(n) ~ |n|, {2 =4
(2): ij contributes /2 + e=*/2 if h(i) = h(j) and h(i*) = h(j*) and 1, otherwise.

Marginal of (1) on 7 is FK. Marginal of (2) on h is six-vertex. (1)o(2): by hands.
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Six-vertex <» random-cluster: boundary weights

h ~ height function on D with 0/1 b.c. and parameter ¢ = e*/2 + e=*/2 > 2
n ~ critical FK config. on D* with free b.c. and parameter g = [e* + e™*]? > 4
Proposition

Variables h and 1 can be coupled in such a way that h is constant on clusters
of n and n*. The joint law can be written in either of the two following ways:

() ~ew|X 3 (HE) — Ot |, e)

C~Cx* clusters

(hyn) ~exp [2 D" (h(i) + h(j) — h(i*) — hG*))(=1)leren | (2)

i~j black

(1): clusters of n or n* contribute e* + e=*; use k(n*) — k(n) ~ |n|, {2 =4
(2): ij contributes /2 + e=*/2 if h(i) = h(j) and h(i*) = h(j*) and 1, otherwise.
Marginal of (1) on 7 is FK. Marginal of (2) on h is six-vertex. (1)o(2): by hands.
Doesn’t work on the boundary!
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Six-vertex <» random-cluster: boundary weights
h ~ height f-n on D with 0/1 b.c.,, c = e*? 4 e 22 ¢, = e*? on D
n ~ critical FK on D*® with wired b.c., g = [e* + e™*]?

Proposition

Variables h and 1 can be coupled in such a way that h is constant on clusters
of n and n*. The joint law can be written in either of the two following ways:

() ~ew|X 3 (HE) — Ot |, e)

C~Cx* clusters

(hyn) ~exp [2 D" (h(i) + h(j) — h(i*) — hG*))(=1)leren | (2)

i~j black

(1): clusters of n or n* contribute e* + e=*; use k(n*) — k(n) ~ |n|, {2 =4
(2): ij contributes /2 + e=*/2 if h(i) = h(j) and h(i*) = h(j*) and 1, otherwise.
Marginal of (1) on 7 is FK. Marginal of (2) on h is six-vertex. (1)o(2): by hands.
Doesn’t work on the boundary!
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Six-vertex <» random-cluster: boundary weights
h ~ height f-n on D with 0/1 b.c., ¢ = e*/2 4 ¢=*/2
n ~ critical FK on D* with free b.c., g = [e* + e7*]?, g, = e"*,/q on ID*

Proposition

Variables h and 1 can be coupled in such a way that h is constant on clusters
of n and n*. The joint law can be written in either of the two following ways:

(hom)~exp |[A Y (h(C") = h(C))(~1) cmseet |, (1)

C~Cx* clusters

(hyn)~exp [2 D" (h(i) + h(j) — h(i*) — hG*))(=1)leren | (2)

i~j black

(1): clusters of n or n* contribute e + e=*; use k(n*) — k(n) ~ |n|, 2 =4
(2): ij contributes e*/2 + e=*/2 if h(i) = h(j) and h(i*) = h(j*) and 1, otherwise.
Marginal of (1) on 7 is FK. Marginal of (2) on h is six-vertex. (1)o(2): by hands.
Doesn’t work on the boundary!
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Six-vertex <» random-cluster: boundary weights
h ~ height f-n on D with 0/1 b.c.,, c = e*?2 + e 2, ¢, = e"? c on D
n ~ critical FK on D* with free b.c., g =[e* + e7*]?, g, = 1,e"*,/qg on ID*

Proposition

Variables h and 1 can be coupled in such a way that h is constant on clusters
of n and n*. The joint law can be written in either of the two following ways:

(hom)~exp |[A Y (h(C") = h(C))(~1) cmseet |, (1)

C~Cx* clusters

(hyn)~exp [2 D" (h(i) + h(j) — h(i*) — hG*))(=1)leren | (2)

i~j black

(1): clusters of n or n* contribute e + e=*; use k(n*) — k(n) ~ |n|, 2 =4
(2): ij contributes e*/2 + e=*/2 if h(i) = h(j) and h(i*) = h(j*) and 1, otherwise.
Marginal of (1) on 7 is FK. Marginal of (2) on h is six-vertex. (1)o(2): by hands.
Doesn’t work on the boundary! )\ <> —\: [Ray—Spinka '19]
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Part 4. FK model with boundary-cluster weight ¢,

Ashkin—Teller &

FK-Ising-type .
. S
representation

Proofs:

Six-vertex Input from the FK model

model T-circuits
Coupling g(i,j) =1— f(i —1,7)
Exp. decay of clusters in £*
Baxter-Kelland-Wu
coupling
FK model ° °

SO
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FK model with weight g, € [1, g] for boundary clusters

Parameters p € (0,1), q,q, > 0, finite G C Z?, w € {open, closed }£(¢):

Fth . p( ) p#open(w)(l . p)#closed(w)q#bulk—clusters(w)qz#&dusmrs(w)
wired free
B S
1 q av

Fix g > 1. Measures FK‘“’q p are stochastically ordered when g5, € [1, q],
interpolating between wired (g, = 1) and free (g = q) b.c.
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FK model with weight g, € [1, g] for boundary clusters

Parameters p € (0,1), q,q, > 0, finite G C Z?, w € {open, closed }£(¢):

Fth . p( ) p#open(w)(l . p)#closed(w)q#bulk—clusters(w)qz#&dusmrs(w)
wired free
B S
1 q av

Fix g > 1. Measures FK‘“’q p are stochastically ordered when g5, € [1, q],
interpolating between wired (g, = 1) and free (g = q) b.c.

o If p = pc, then the infinite-volume limit does not depend on qp.
@ Same at p = p. when g € [1,4].

© Measure dual to FK  is FK2;*7q7pC with g; = q/q».
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FK model with weight g, € [1, g] for boundary clusters

Parameters p € (0,1), q,q, > 0, finite G C Z?, w € {open, closed }£(¢):

FK(éb,q,p(w) _ p#open(w)(l . p)#closed(w)q#bulk—clusters(w)qz#&duStCrS(w)
wired free
—
1 q qv

Fix g > 1. Measures FKZ”,q’p are stochastically ordered when g, € [1, q],
interpolating between wired (g, = 1) and free (g, = q) b.c.

o If p = pc, then the infinite-volume limit does not depend on qp.
@ Same at p = p. when g € [1,4].

© Measure dual to FK  is FK2;*7q7pC with g; = q/q».

Theorem

Take g = [e* + e™]?, A > 0. Then FK®, = FK}>*d if q, € [1,e7*,/q]
and FK®, = FKI if q, € [e*\/q, q.

Conjecture: Phase transition at g, = |/q.
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Part 5: proofs

Ashkin—Teller &

FK-Ising-type . l
S

representation

Six-vertex
model

Baxter-Kelland-Wu

coupling

FK model ° °

FK model with
/ boundary-cluster weight ¢,
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Proof, step 1: building on the FK model

@ Russo—Seymour—Welsh theory at p. when g = 4 implies logarithmic
fluctuations of the height function at ¢ =2

o If g > 4,p=pc, wired b.c. = infinite cluster with log. small holes =

» uniformly bdd fluctuations of height functions when ¢ = /2 +e™*/2, A >0
> under 0,1 b.c. if Dy is a sequence of even domains, then height-function

/2 FO,l;e’\/

2
measures with ¢, = e”/“ converge, the limit HF_ %, is extremal, transl.
inv., has an infinite cluster of height 0, with logarithmically small holes

> HF2e? s defined similarly, infinite cluster of height 1

c,odd
101 10101010101
1.0 010 0 0 0 0 01
1.0 0 0
0 01
10 0 01
10 010 0
0 0 0 01
10 010 0 010 01
101 10101 101
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) 0,1;e*/2 0,1;e"/?
Proof, step 2: HF = HFC7Odd

c,even

c=eM24 e 2 Let D be an even domain.

—

S
oS =
S =
oS =
S =
oS =
S =

(=)
(=)

—_ O =

—_ O =

0 0
0
1

0

_= o = O

= o = O
= o = O

0
0 0 0 0 0 0 01
101 101 1 1 1

0 0
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Proof, step 2: HFO.Lie' < HEOLe?

c,even c,odd

c=e? 4 e 2 Let D be an even domain.
Positive association of heights = imposing height 1 on 0D increases the measure:

/2 =< HFO,l;C

0,1;6)\
HFC,D c,D\0D

101 10101010101
1 01110 1 01101 1]0f1[0J1J0J1]J0 1
1 0]1 1]10]1 1 1 1 1 110
0]1 1 1 110 1
1 0]1 1]0]1 110 1
1 .0]1 1 110 1 .0]1 110
0]1 1]0]1 1 1]0]1 110 1
10]1]0 1 °0]1]0]1]10 1°0J1}0 1
101 10101 101
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; 0,1;e*/2 0,1;e*/2
Proof, step 2: HF o, = HFC7Odd
c=e? 4 e 2 Let D be an even domain.
Positive association of heights = imposing height 1 on 0D increases the measure:
/

2 .
j HFO,l,C

0,1;6)\
HFC,D c,D\0D

Domain D\ 9D is odd. Monotonicity in the boundary parameter c;:

. /2
HFS:%C\BD = HFS’,?\@D
101 10101010101
1 0]110 1 Of1fjOj110f1f0]110f1]0 1
1 0]1 110]1 1 1 1 1 110
0]1 1 1 110 1
1 0]1 110] 1 110 1
1 0]1 1 110 1 0]1 110
0]1 110] 1 1 110] 1 110 1
1 0]11]0 1 O]11}0J1]0 1 0]J110 1
101 10101 101
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) 0,1;e*/2 0,1;e*/?
Proof, step 2: HF = HFcpdd

c,even

c =eM2 4+ e 2 Let D be an even domain.
Positive association of heights = imposing height 1 on D increases the measure:

0,1;e*/? 0,1;e*/? 0,1;c
HFc,even A HFC,D = HFc,’D\BD

Domain D\ 9D is odd. Monotonicity in the boundary parameter c:

0,1;c 0,1;e*/? 0,1;e*/?
HF < HF — HF(___’Ocld

c,D\0D — c,D\0D
1 1 10101010101
1. 01110 1 110] 1 110] 1 110 1
1 .0]1 110]1 1 1 1 1 110
0]1 1 1 110 1
10]1 110} 1 110 1
1 0]1 1 110 1 0]1 110
0]1 110]1 1 110]1 110 1
1 0]1]10 1 11011]J0 1 0]J1]0 1
1 1 101 1 101
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_ 0,1:e*/2 0,1;e*/2
Proof, step 3.1: HF %, = HF 0y

c,even

Consider T°: each odd site (7, ) is linked to (i,j +1), (i £1,/), (i £ 2,J).
This is a triangular lattice. By duality and extremality, one of the following holds:

HFO’lzeAﬂ(around every box, exists a T°-circuit of height > 1) =1 3)

c,even

HFO’LeA/Z(exists an infinite T°-cluster of height < —-1) =1 (4)

c,even
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; 0,1;e*/2 0,1;e*/2
Proof, step 3.1: HF o, = HF Jqq
Consider T°: each odd site (7, ) is linked to (i,j +1), (i £1,/), (i £ 2,J).
This is a triangular lattice. By duality and extremality, one of the following holds:

HFSZi;\fC;ﬂ(around every box, exists a T°-circuit of height > 1) =1 3)

HF?_.:(lafe;/z(exists an infinite T°-cluster of height < —-1) =1 (4)

If (4) occurs, then the same holds for heights > 1 (FKG for the heights).
Such coexistence is excluded [Sheffiled '05], [Duminil-Copin—Raoufi-Tassion '18]
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; 0,1;e*/2 0,1;e*/2
Proof, step 3.1: HF o, = HF Jqq
Consider T°: each odd site (7, ) is linked to (i,j +1), (i £1,/), (i £ 2,J).
This is a triangular lattice. By duality and extremality, one of the following holds:

3)
(4)

HFSZi;\fC;ﬂ(around every box, exists a T°-circuit of height > 1) =1
0,1;6/2
HFc,eveen
If (4) occurs, then the same holds for heights > 1 (FKG for the heights).
Such coexistence is excluded [Sheffiled '05], [Duminil-Copin—Raoufi-Tassion '18]
Hence (3) occurs. Modifying locally, obtain T°-circuits of height 1.

(exists an infinite T°-cluster of height < —-1) =1

)

0
0 0 0
0 040 0
0,070 0 0
00 %0 000000
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_ 0,1:e*/2 0,1;e*/2
Proof, step 3.2: HF %, = HF 0y

c,even

Similarly, for HF®%¢1"* and T*-circuits of height 0. We get:

1

0,1;e>‘/2 . o - . .
HF even (around every box, exists a T°-circuit of height 1)

Y
HFS’,iﬁ; 2(around every box, exists a T*-circuit of height 0) =1

. Y,
Couple f ~ HFOLeY? and g~ HFOL i the following way:

c,even c,odd
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Alexander Glazman (University of Fribourg)

Proof, step 3.2: H

Fo,l;eV2

FOLe” = HF

c,even

0,1;e*/2
c,odd

Similarly, for HF 0qq  and T*-circuits of height 0. We get:

A2
HFO,l,e

c,even

LaA/2
HFO’l’e

(around every box, exists a T°-circuit of height 1) =1

codda (around every box, exists a T*-circuit of height 0) = 1

Couple f ~ HF%:Y* and g ~ H

c,even

/2, .
in the following way:
@ outside of the outermost T*-circuit of height 0 contained in a box N x N:

g(lv./) =1- f(l_ 17])

) > JOX > IO > JOF 0 XS )

Six-vertex and Ashkin—Teller models: phase transition.

> JOX > JOX > JOX 0 JOW XS
©) > 1O > JOI{ > (OF 0 IS )
> JO) 0 JOICIONOI 0 XY
©ODO 00O
000 X 00O
®0 00 OO
> JOX 0 SSN@XSH @)X 0 X6
©OF 0 JIX XS} 0 JOX )
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Alexander Glazman (University of Fribourg)

Proof, step 3.2: H

Fo,l;eV2

c,even

FOLe” = HF

0,1;e*/2
c,odd

Similarly, for HF 0qq  and T*-circuits of height 0. We get:

A2
HFO,l,e

c,even

LaA/2
HFO’l’e

(around every box, exists a T°-circuit of height 1) =1

codda (around every box, exists a T*-circuit of height 0) = 1

. oM/
Couple f ~ HF2Le* and g ~ HFOLS)

c,even

in the following way:
@ outside of the outermost T*-circuit of height 0 contained in a box N x N:

g(lv./) =1- f(l_ 17])

@ inside of this circuit, f and g are independent.

L2 XSV XOV 0 RO > RO X€)
S 0 XS 0 JISN(0 JOX > JOX -
00V0P0DO VOB
©Od 00O
0o Q0O
S 0 (Y D0V O
00000 DOVOD
0) > JOX > I©) > JOX 0 JOX

Six-vertex and Ashkin—Teller models: phase transition.

> JOX > JOX > JOX 0 XS XS
©) > 1O > JOI[ > (OF 0 JS )
> JO) 0 JOICIONOI 0 X3V
©ODO 00O
2 JOU@) 020 ° )|
®0 00 OO
> JO 0 SSN@XSH @)X 0 X6
©OF 0 JIX XS( 2} 0 JOX )
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Similarly, for H

Couple f ~

Alexander Glazman (University of Fribourg)

Proof, step 3.2: H

0,1;e*/?
Fc,odd

A2
HFO,l,e

c,even
0,l;e>‘/2
HFc,odd

A2
HFO,l,e

c,even

FOLe” = HF

c,even

and g ~ H

0,1;e*/?
Fc,odd

0,1;e*/2
c,odd

and T*-circuits of height 0. We get:

(around every box, exists a T°-circuit of height 1) =1

(around every box, exists a T*-circuit of height 0) =1

in the following way:
@ outside of the outermost T*-circuit of height 0 contained in a box N x N:

g(lv./) =1- f(l_ 17])

@ inside of this circuit, f and g are independent.

L2 XSV XOV 0 RO > RO X€)
S 0 XS 0 JISN(0 JOX > JOX -
00V0P0DO VOB
©Od 00O
0o Q0O
S 0 (Y D0V O
00000 DOVOD
0) > JOX > I©) > JOX 0 JOX

On
red
domain:
fr-g!

the

Six-vertex and Ashkin—Teller models: phase transition.

> JOX > JOX > JOX 0 JOW XS
©) > 1O > JOI[ > (OF 0 JS )
> JO) 0 JOICIONOIIN 0 XY
©ODO 00O
2 JOU@) 020 ° )|
®0 00 OO
V0 IVODODLOOD
©OF 0 JIX XS( 2} 0 JOX °)
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End of the proof: P(u <§—> v) < e~olu—vl

.. 1:eM/2 ..
o Limit of HFYZ*"" over even and odd domains is the same.
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End of the proof: P(u <§—> v) < e~olu—vl

.. 1:eM/2 ..
o Limit of HFYZ*"" over even and odd domains is the same.

@ By monotonicity, the same holds for HF(C)’%C and any domains.
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End of the proof: P(u <§—> v) < e~olu—vl

.. 1:eM/2 ..
o Limit of HFYZ*"" over even and odd domains is the same.

@ By monotonicity, the same holds for HFS’%C and any domains.

@ The limit exhibits unique infinite clusters of height 0 and 1, with
logarithmically small holes.
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0° < is obtained by assigning + and — to the clusters of ¢ independently
w.p. 1/2. Hence, ¢ has an infinite cluster and all other clusters are
logarithmically small.
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e (is FKG.
o If p, :=P(0 & ONy,), then (%)12 <P(A, & 0) < e ",
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Open questions

Intermediate behaviour of the Ashkin—Teller model on an interval of
parameters.

Phase transition of the FK-model in terms of boundary-cluster weight qp.

Phase transition of the six-vertex model in terms of the boundary weight c.

Properties of the FK—-Ising-type representation &, other b.c.
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