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Aim: to estimate Feynman-Kac integral

ηt (f ) :=
1
Zt

E
[
f (Xt )e−

∫ t
0 Vs(Xs) ds

]
where

Xt is a continuous time Markov process with generator Lt on state space S;

Vt is a time dependent function on S;

Zt := E
[
e−

∫ t
0 Vs(Xs) ds

]
.

We will rather be interested in historical process X̂t := (Xs)s≤t . our aim will be to
estimate

Qt (F) :=
1
Zt

E
[
F(X̂t )e−

∫ t
0 Vs(Xs) ds

]
.
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Define the process X̄t with nonlinear generator

Lt,ηt f (x) := Lt f (x) + Vt (x)

∫
S

(f (y)− f (x)) dηt (y)

with ηt the distribution of X̄t .
Also define the N particle system

(
ξN,i

t

)
1≤i≤N

, each particle evolving independently of

the others with generator Lt ,
with additional jumps at rate Vt on

m(ξN
t ) :=

1
N

N∑
j=1

δ
ξ

N,j
t
.
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Figure: The system of particles ξN
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Figure: The system of historical processes ξ̂N
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Proposition 1

Assume η0 = L(X0) = L(X̄0) = L(ξN,i
0 ). Then for all N ≥ 1,

ηt (f ) =
1
Zt

E
[
f (Xt )e−

∫ t
0 Vs(Xs) ds

]
= E[f (X̄t )] =

1
Zt

E
[
m(ξN

t )(f )e−
∫ t

0 m(ξN
s )(Vs) ds

]
.

Proof
Define αN

t (f ) := E
[
m(ξN

t )(f )e−
∫ t

0 m(ξN
s )(Vs) ds

]
, and α∞t (f ) := E

[
f (X̄t )e−

∫ t
0 ηs(Vs) ds

]
.

Then ηt (f ) =
α1

t (f )

α1
t (1)

,α1
0(f ) = αN

0 (f ) = α∞0 (f )and

d
dt
αN

t (f ) =E

[{
Lt

(
m(ξN

t )(f )
)

+
1
N

N∑
i=1

Vt

(
ξN,i

t

)(
m(ξN

t )(f )− f (ξN,i
t )
)

−m(ξN
t )(f )m(ξN

t )(Vt )
}

e−
∫ t

0 m(ξN
s )(Vs) ds

]
=αN

t ((Lt − Vt )f )

same equation for all N �
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Corollary 1

Assume η0 = L(X0) = L(X̄0) = L(ξN,i
0 ). Then for all N ≥ 1,

Qt (F) =
1
Zt

E
[
F(X̂t )e−

∫ t
0 Vs(Xs) ds

]
= E[F( ̂̄X t )] =

1
Zt

E
[
m(ξ̂N

t )(F)e−
∫ t

0 m(ξN
s )(Vs) ds

]
.

Remark on jumps: ξ̂N,i
t jumps at rate Vt (ξ

N,i
t ) on m(ξ̂N

t ).

We will calculate Qt (F) with E[F( ̂̄X t )] =
1
Zt

E
[
m(ξ̂N

t )(F)e−
∫ t

0 m(ξN
s )(Vs) ds

]
.

Denote Xt a random variable with L(Xt |ξN
[0,T ]

) = m(ξ̂N
t ).

Define ζN
t := (ζN,1

t , . . . , ζN,N
t ) = (ζN,1

t , ζN,−
t ) by

ζN,1
t = Xt the frozen trajectory

each of the N − 1 particles of ζN,−
t = (ζN,2

t , . . . , ζN,N
t ) evolve independently with

generator Lt ,

with jumps at rate (1− 1
N )Vt , on m(ζN,−

t )

and additional jumps at rate 2
N Vt on ζN,1

t .
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Figure: The system of particles ζN
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Theorem 1

Assume that the ξN,i
0 , 1 ≤ i ≤ N (resp. ζN,i

0 , 1 ≤ i ≤ N) are independent with law η0.
Then

E
[
(F(Xt , ξ̂

N
t )e−

∫ t
0 m(ξN

s )(Vs) ds
]

= E
[
(F(X̂t , ζ̂

N
t )e−

∫ t
0 (Vs(Xs)) ds

]
.

as soon as F is symmetric with respect to the N − 1 last variables.

In particular, letting

Qt =
1
Zt

e−
∫ t

0 Vs(Xs) ds·PX
t , Qξt :=

1
Zt

e−
∫ t

0 m(ξs)(Vs) ds·Pξt and Qζt :=
1
Zt

e−
∫ t

0 Vs(Xs) ds·Pζt

(we drop the N′s for simplicity) we have

Qξt = Qζt and Qζ
i

t = Qt .
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Let
Mt (z1, dz2) := P

(
ζ̂t ∈ dz2|ζ̂1

t = z1

)
At (z2, dz1) := m(z2, dz1)

Πt (d(z1, z2)) := Qt (dz1)Mt (z1, dz2)

the forward transition

Gt ((z1, z2); d(z̄1, z̄2)) := Mt (z1, dz̄2)A(z̄2, dz̄1),

the backward transition

G−t ((z̄1, z̄2), d(z1, z2)) := At (z̄2, dz1)Mt (z1, dz2)

and the integrated transition

Kt (z1, dz̄1) = MtAt (z1, dz̄1).
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Theorem 2

Πt (d(z1, z2))Gt ((z1, z2); d(z̄1, z̄2)) = Πt (d(z̄1, z̄2))G−t ((z̄1, z̄2), d(z1, z2)).

As a consequence, Qt is reversible with respect to Kt

Πt (d(z1, z2)) ∼
(

z1
z2

)
M(z1,dz̄2)−→

(
z1

z̄2 ∼
(
ζ̂t |ζ̂1

t = z1

)) A(z̄2,dz̄1)−→
(

z̄1 ∼ m(z̄2)
z̄2

)
∼ Πt (d(z̄1, z̄2))

Πt (d(z1, z2)) ∼
(

z1

z2 ∼
(
ζ̂t |ζ̂1

t = z1

)) M(z1,dz2)←−
(

z1 ∼ m(z̄2)
z̄2

)
A(z̄2,dz1)←−

(
z̄1
z̄2

)
∼ Πt (d(z̄1, z̄2))
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Proof From Qξt = Qζt we get
Qt (dz1)Mt (z1, dz2) = Πt (d(z1, z2)) = Qξt (dz2)At (z2, dz1).
Moreover

Πt (d(z1, z2))Gt ((z1, z2); d(z̄1, z̄2)) = Qt (dz1)Mt (z1, dz2)Mt (z1, dz̄2)At (z̄2, dz̄1)

= Qξt (dz̄2)At (z̄2, dz1)Mt (z1, dz2)At (z̄2, dz̄1)

= Πt (d(z̄1, z̄2))G−t ((z̄1, z̄2), d(z1, z2))

= Qt (dz̄1)Mt (z̄1, dz̄2)G−t ((z̄1, z̄2), d(z1, z2))

= Qt (dz̄1)Mt (z̄1, dz̄2)At (z̄2, dz1)Mt (z1, dz2).

Integrating with respect to z2 and z̄2 we get

Qt (dz1)Kt (z1, dz̄1) = Qt (dz̄1)Kt (z̄1, dz1)

with
Kt = MtAt : Kt (f )(z1) = E

[
m(ζ̂t )(f )|ζ̂1

t = z1

]
. �
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Theorem 3

Under some regularity assumptions, for all functions f with oscillations bounded by 1,

|E [m(ξt )(f )]− ηt (f )|tv ≤
ct
N

for an explicit c not depending on f , t and N.
Similarly, a.s. uniformly ∣∣∣E [m(ζ̂−t )(F)|ζ̂1

t

]
− Qt (F)

∣∣∣
tv
≤

ct
N
.

As a consequence, for all n ≥ 1, t ≥ 0, N ≥ 1, for all probability measure µ on càdlàg
paths from [0, t] to S, ∣∣µKn

t − Qt
∣∣
tv ≤

(
c(t ∨ 1)

N

)n

The regularity condition is satisfied if S is a compact manifold, Lt is an elliptic diffusion
with jumps, V is bounded.
More generally, it is satisfied under the condition: ∃h > 0 s.t. ∀t ≥ 0, x ∈ S,

ρ(h)µt,h(dy) ≤ Pt,t+h(x , dy) ≤ ρ(h)−1µt,h(dy),

for some probability µt,h on S and some constant ρ(h) > 0.
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Many body Feynman-Kac measures
Particle Gibbs-Glauber dynamics

Perturbation analysis
Stability of nonlinear diffusions in manifolds

Propagation of chaos in manifolds

Idea of proof of |E [m(ξt )(f )]− ηt (f )|tv ≤
ct
N

Let φs,t (η) be the law at time t of the nonlinear diffusion X̄ηs,t started at time s with law
η.
Then

φ0,t (m(ξ0)) = φ0,t (η0) = ηt and φt,t (m(ξt )) = m(ξt )

so we investigate the interpolation s 7→ φs,t (m(ξs)) =: Ys ,and prove that it is a
semimartingale with drift bounded in absolute value by c/N.
So

|E[m(ξt )(f )]− ηt (f )| ≤
ct
N
.

Similarly ∣∣∣E[m(ζ̂−t )(F)|ζ̂1
t ]− ηt (F)

∣∣∣ ≤ ct
N

Marc Arnaudon
A particle Gibbs sampler for Feynman-Kac measures ; Stability and propagation of chaos.



Many body Feynman-Kac measures
Particle Gibbs-Glauber dynamics

Perturbation analysis
Stability of nonlinear diffusions in manifolds

Propagation of chaos in manifolds

Idea of proof of |E [m(ξt )(f )]− ηt (f )|tv ≤
ct
N

Let φs,t (η) be the law at time t of the nonlinear diffusion X̄ηs,t started at time s with law
η.
Then

φ0,t (m(ξ0)) = φ0,t (η0) = ηt and φt,t (m(ξt )) = m(ξt )

so we investigate the interpolation s 7→ φs,t (m(ξs)) =: Ys ,and prove that it is a
semimartingale with drift bounded in absolute value by c/N.
So

|E[m(ξt )(f )]− ηt (f )| ≤
ct
N
.

Similarly ∣∣∣E[m(ζ̂−t )(F)|ζ̂1
t ]− ηt (F)

∣∣∣ ≤ ct
N

Marc Arnaudon
A particle Gibbs sampler for Feynman-Kac measures ; Stability and propagation of chaos.



Many body Feynman-Kac measures
Particle Gibbs-Glauber dynamics

Perturbation analysis
Stability of nonlinear diffusions in manifolds

Propagation of chaos in manifolds

Idea of proof of |E [m(ξt )(f )]− ηt (f )|tv ≤
ct
N

Let φs,t (η) be the law at time t of the nonlinear diffusion X̄ηs,t started at time s with law
η.
Then

φ0,t (m(ξ0)) = φ0,t (η0) = ηt and φt,t (m(ξt )) = m(ξt )

so we investigate the interpolation s 7→ φs,t (m(ξs)) =: Ys ,and prove that it is a
semimartingale with drift bounded in absolute value by c/N.
So

|E[m(ξt )(f )]− ηt (f )| ≤
ct
N
.

Similarly ∣∣∣E[m(ζ̂−t )(F)|ζ̂1
t ]− ηt (F)

∣∣∣ ≤ ct
N

Marc Arnaudon
A particle Gibbs sampler for Feynman-Kac measures ; Stability and propagation of chaos.



Many body Feynman-Kac measures
Particle Gibbs-Glauber dynamics

Perturbation analysis
Stability of nonlinear diffusions in manifolds

Propagation of chaos in manifolds

Idea of proof of |E [m(ξt )(f )]− ηt (f )|tv ≤
ct
N

Let φs,t (η) be the law at time t of the nonlinear diffusion X̄ηs,t started at time s with law
η.
Then

φ0,t (m(ξ0)) = φ0,t (η0) = ηt and φt,t (m(ξt )) = m(ξt )

so we investigate the interpolation s 7→ φs,t (m(ξs)) =: Ys ,and prove that it is a
semimartingale with drift bounded in absolute value by c/N.
So

|E[m(ξt )(f )]− ηt (f )| ≤
ct
N
.

Similarly ∣∣∣E[m(ζ̂−t )(F)|ζ̂1
t ]− ηt (F)

∣∣∣ ≤ ct
N

Marc Arnaudon
A particle Gibbs sampler for Feynman-Kac measures ; Stability and propagation of chaos.



Many body Feynman-Kac measures
Particle Gibbs-Glauber dynamics

Perturbation analysis
Stability of nonlinear diffusions in manifolds

Propagation of chaos in manifolds

Idea of proof of |E [m(ξt )(f )]− ηt (f )|tv ≤
ct
N

Let φs,t (η) be the law at time t of the nonlinear diffusion X̄ηs,t started at time s with law
η.
Then

φ0,t (m(ξ0)) = φ0,t (η0) = ηt and φt,t (m(ξt )) = m(ξt )

so we investigate the interpolation s 7→ φs,t (m(ξs)) =: Ys ,and prove that it is a
semimartingale with drift bounded in absolute value by c/N.
So

|E[m(ξt )(f )]− ηt (f )| ≤
ct
N
.

Similarly ∣∣∣E[m(ζ̂−t )(F)|ζ̂1
t ]− ηt (F)

∣∣∣ ≤ ct
N

Marc Arnaudon
A particle Gibbs sampler for Feynman-Kac measures ; Stability and propagation of chaos.



Many body Feynman-Kac measures
Particle Gibbs-Glauber dynamics

Perturbation analysis
Stability of nonlinear diffusions in manifolds

Propagation of chaos in manifolds

Idea of proof of |E [m(ξt )(f )]− ηt (f )|tv ≤
ct
N

Let φs,t (η) be the law at time t of the nonlinear diffusion X̄ηs,t started at time s with law
η.
Then

φ0,t (m(ξ0)) = φ0,t (η0) = ηt and φt,t (m(ξt )) = m(ξt )

so we investigate the interpolation s 7→ φs,t (m(ξs)) =: Ys ,and prove that it is a
semimartingale with drift bounded in absolute value by c/N.
So

|E[m(ξt )(f )]− ηt (f )| ≤
ct
N
.

Similarly ∣∣∣E[m(ζ̂−t )(F)|ζ̂1
t ]− ηt (F)

∣∣∣ ≤ ct
N

Marc Arnaudon
A particle Gibbs sampler for Feynman-Kac measures ; Stability and propagation of chaos.



Many body Feynman-Kac measures
Particle Gibbs-Glauber dynamics

Perturbation analysis
Stability of nonlinear diffusions in manifolds

Propagation of chaos in manifolds

Yt = Yη0
t a Brownian motion with non linear drift bt (ηt ,Yt ) :=

∫
M ηt (dx)bt (x , y) in

a manifold (M, g)

φt (η0) = ηt , the law of Yt

Bt (z1, z2) :=

 ∇y bt (z2, z1) ∇x bt (z1, z2)

∇x bt (z2, z1) ∇y bt (z1, z2)

 , Ct =
1
2

(Bt + B′t )

Theorem 4

Under condition

(H1) : Ct (x , y)−
1
2

RicM×M (x , y) ≤ −λ1gM×M (x , y)

we have
W2(φt (µ0), φt (µ1)) ≤ e−λ1tW2(µ0, µ1).

If bt (x , y) = −∇(F ◦ ρx )(y)−∇U(y), with F a real function, ρx distance to x ,

(H1) : ∇2UM×M (x , y) +∇2(F ◦ ρ)(x , y) +
1
2

RicM×M (x , y) ≥ λ1gM×M (x , y).
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Sketch of proof : infinitesimal parallel coupling

ε 7→ Y ε0 optimal between Y 0
0 ∼ µ0 and Y 1

0 ∼ µ1,

Independent copy : ε 7→ Xε0 optimal between X 0
0 ∼ µ0 and X 1

0 ∼ µ1,(
X 0

t
Y 0

t

)
Brownian motion in M ×M with drift

(
EY [bt (Y 0

t ,X
0
t )]

EX [bt (X 0
t ,Y

0
t )]

)
(

Xεt
Y εt

)
solution to linear equation

D
(

∂εXεt
∂εY εt

)
=

(
EY
[
∇x bt

(
Y εt ,X

ε
t
)
∂εXεt +∇y bt

(
Y εt ,X

ε
t
)
∂εY εt

]
EX
[
∇x bt

(
Xεt ,Y

ε
t
)
∂εXεt +∇y bt

(
Xεt ,Y

ε
t
)
∂εY εt

] ) dt

−
1
2

Ric]M×M

(
∂εXεt
∂εY εt

)
dt .

Then
(

Xεt
Y εt

)
is a Brownian motion in M ×M with drift

(
EY [bt (Y εt ,X

ε
t )]

EX [bt (Xεt ,Y
ε
t )]

)
.

Get a path ε 7→
(

Xεt
Y εt

)
with controlled speed.
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(ζ1
t , . . . , ζ

N
t ) Brownian motion in MN with drift

(
b(ηt , ζ

1
t ), . . . , b(ηt , ζ

N
t )
)

with ηt the
law of any ζ i

t

(ξ1
t , . . . , ξ

N
t ) Brownian motion in MN with drift

(
b(m(ξt ), ξ

1
t ), . . . , b(m(ξt ), ξ

N
t )
)
.

Assume that for all i , ξi
t is parallely coupled with ζ i

t
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Theorem 5

Assume RicM ≥ κ.Under condition (H2) : Ct (x , y) ≤ −λ2gM×M (x , y)

we have E
[
ρ2(ζ1

t , ξ
1
t )
]1/2

≤
2

2λ2 + κ

(
1− e−

(2λ2+κ)t
2

) √
βt (µ)

N
with the parameter

βt (µ) :=
1
N

∫
φt (µ)(dx) ‖bt (x , x)− bt (φt (µ), x)‖2

+

(
1−

1
N

)∫
φt (µ)(dx)φt (µ)(dy) ‖bt (x , y)− bt (φt (µ), y)‖2.

If bt (x , y) = −∇(F ◦ ρx )(y)−∇U(y), with F a real function, ρx distance to x ,

(H2) : ∇2U⊕2(z) +

(
1−

1
N

)
∇2(F ◦ ρ)(z) ≥ λ2 gM×M (z).
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Thanks for your attention
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