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Many body Feynman-Kac measures

Aim: to estimate Feynman-Kac integral
1 t
_ — [ Vs(Xs) ds
m(f) = B [f(e i b0 %]

where
@ X; is a continuous time Markov process with generator L; on state space S;
@ V;is a time dependent function on S;

@ Z:=E [e— I Vs(Xs)ds] .

We will rather be interested in historical process X; := (Xs)s<t. our aim will be to
estimate

Q(F) = %IE [F(f(t)e— Jg va(Xe) as] .
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Many body Feynman-Kac measures

Define the process X; with nonlinear generator
Ly 0) = L)+ Vit | (1) = 100) am(y)

with 7 the distribution of X;.
Also define the N particle system (g{\’”) <<’ each particle evolving independently of
1

the others with generator L;,
with additional jumps at rate V; on

N
1
m(f,N) = N 255;\/1/.
j=1
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Assume 7o = L(Xo) = L(Xo) = £(£)""). Then for all N > 1,

t = 1 t
m(f) = %E [f(x)e™ 8 VeI o8] — E[f(X,)] = — B [m(eN)(H)e™ b mes) V) o8]

Z
Proof
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Many body Feynman-Kac measures

Proposition 1

Assume 7o = L(Xo) = L(Xo) = £(£)""). Then for all N > 1,

t = 1 t
m(f) = 2B [f(x)e™ %09 %] — Bl1(X)] = 2B [m(el)(rje 8 mesvar o]

Z
Proof
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Many body Feynman-Kac measures

Proposition 1

Assume 7o = L(Xo) = L(Xo) = £(£)""). Then for all N > 1,

m(f) = 2B [f(x)e™ %09 %] — Bl1(X)] = 2B [m(el)(rje 8 mesvar o]

Proof
Define a(f) :=E [m(g{")(f)e— Jg m(eH(vs) dS] ,and a§°(f) := E [f()‘(,)e— Joms(ve) dS] .

Ot1
Then mi(f) = ﬁ,%(f) — a(f) = ag(f)and

051(1)

{{Lf (metyn) + Z Ve (&) (mietr) - 1(61"1)
— M) mEN) (Vo he m<ss”><vs>ds]
=af (Lt — Vo)f)

same equation for all N O
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Many body Feynman-Kac measures

Assume ng = L(Xo) = L£(Xo) = L(£)""). Then for all N > 1,

U(F) = 7B [F(Re B ¥00%] — BIF(Re)] = ZB [m(E)(F)e B meDe]

Remark on jumps: £ jumps at rate V;(¢,"") on m(¢N).
We will calculate Q;(F) with E[F(X;)] = l]E [m(@)(F)e~ fi medve)as].
Denote X; a random variable with L(X,|§[O T]) = m(&N).
Define ¢ := (¢, ..., ¢t"N) = (¢, ¢ ) by

o ("' = X; the frozen trajectory

@ each of the N — 1 particles of ¢/"~ = (¢/?,...,¢"N) evolve independently with
generator L,

@ with jumps at rate (1 — —)V,, on m((t )

@ and additional jumps at rate 2 N Veon (,
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Many body Feynman-Kac measures

Assume that the 53’", 1 < i< N (resp. ((')V’", 1 < i < N) are independent with law 7.
Then
E [(F(Xi, §)em fo eV 6] — E [(F (X, )™ 0N E]

as soon as F is symmetric with respect to the N — 1 last variables.

In particular, letting

Q= e i 0e dspX  gf m L om EmENVOIBBE ang Qf i Lo I Vo0s) s pS
Z Zt Z t

(we drop the N’s for simplicity) we have

Qf=qf and Qf =0
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Particle Gibbs-Glauber dynamics

Let
Mi(z1, 0z) := P (G € dzld] = 21)

Ay(22, dzy) := m(22, dz1)

Ne(d(zy, 22)) := Qi(dzy)My (24, dzp)

the forward transition

Gt((21,22);: d(21, 22)) := M(21, dZ2)A(22, d21),
the backward transition

G; ((21,22),d(21, 22)) := At(22, dz1)My(24, dz2)
and the integrated transition

Kr(Z1 N d21 ) = M[A[(Z] s dZ] )
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Particle Gibbs-Glauber dynamics

Ne(d(21,22))Gt((21, 22); d(21,22)) = Mi(d(Z1, 22))G; ((21,22), (24, 22)).
As a consequence, Q; is reversible with respect to K;

M(z;,dZ Z4 AZ2,d21) (21 ~ m(Z -
Mz, 20) ~ (21 ) 704 <22N(a@_21)) ) (B 1) Ly 2))

A M(21,02) (Zy ~ M(Z2)\ AlZ2.021) (24 -
Ni(d(z1,22)) ~ <22 ~ (CtICf1 = Z1>) i Zy = 3 ) ~Mdz,2))

Marc Arnaudon



Particle Gibbs-Glauber dynamics

180710-picture-5 Page 1

Figure:

Marc Arnaudon



Particle Gibbs-Glauber dynamics

180710-picture-6 Page 1

Figure:

Marc Arnaudon



Particle Gibbs-Glauber dynamics

180710-picture-7 Page 1

Figure:

Marc Arnaudon



Particle Gibbs-Glauber dynamics

Proof From Q5 = Q¢ we get
Qi(dz1)M¢(z1, dz2) = M(d(21, 22)) = Qf (dz2)Ar(22, dzy).

Marc Arnaudon



Particle Gibbs-Glauber dynamics

Proof From Q5 = Q¢ we get

Qi(dz1)M¢(z1, dz2) = M(d(21, 22)) = Qf (dz2)Ar(22, dzy).
Moreover

Ne(d(z1, 22))Gt((21, 22): (24, 22)) = Q(dz1 )Mt(21, dz2)M¢ (21, dZ2)At(22, dZ4)

Marc Arnaudon



Particle Gibbs-Glauber dynamics

Proof From Q5 = Q¢ we get

Qi(dz1)M¢(z1, dz2) = M(d(21, 22)) = Qf (dz2)Ar(22, dzy).
Moreover

Ne(d(z1, 22))Gt((21, 22): (24, 22)) = Q(dz1 )Mt(21, dz2)M¢ (21, dZ2)At(22, dZ4)
= QF (022)A1(Z2, dz1)Miy(21, 0Z2) Ar (22, 0Z1)

Marc Arnaudon



Particle Gibbs-Glauber dynamics

Proof From Q5 = Q¢ we get

Qi(dz1)M¢(z1, dz2) = M(d(21, 22)) = Qf (dz2)Ar(22, dzy).
Moreover

Ne(d(z1, 22))Gt((21, 22): (24, 22)) = Q(dz1 )Mt(21, dz2)M¢ (21, dZ2)At(22, dZ4)
= QF (022)A1(Z2, dz1)Miy(21, 0Z2) Ar (22, 0Z1)
=Mi(d(21,22))G; ((21, 22), d(21, 22))

Marc Arnaudon



Particle Gibbs-Glauber dynamics

Proof From Q5 = Q¢ we get

Qi(dz1)M(21, dz2) = Ne(d(21, 22)) = QF (dzo)Ae(22, dz).
Moreover

Ni(d(z1,22))Gi((z1, 22); d(21, 22)) = Qi(dz1)M(21, dz2)M(21, dZ2) At(Z2, dZ1)
= Q7 (022)Ar(2Z2, 021 )My(21, 022) Ay (22, 0Z)
=N(d(Z1,2))G; ((z1,22), d(21, 22))
= Q(dz1)M¢(24, d22)G; ((24, 22), d(21, 22))

Marc Arnaudon



Particle Gibbs-Glauber dynamics

Proof From Q5 = Q¢ we get

Qi(dz1)M¢(z1, dz2) = M(d(21, 22)) = Qf (dz2)Ar(22, dzy).
Moreover
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Particle Gibbs-Glauber dynamics

Proof From Q5 = Q¢ we get

Qi(dz1)M¢(z1, dz2) = M(d(21, 22)) = Qf (dz2)Ar(22, dzy).
Moreover

Ni(d(21, 22))Gt((21, 22); d(21, 22)) = Qi(dz1)M(21, dz)Mi(21, dZ2)Ar(22, d21)
= Q7 (022)Ar(2Z2, 021 )My(21, 022) Ay (22, 0Z)
=N(d(Z1,2))G; ((z1,22), d(21, 22))
= Q(dz1)M¢(24, d22)G; ((24, 22), d(21, 22))
= Qi(dz1)M(z1, dZp)A¢(Z2, dz1 )M (24, dz2).
Integrating with respect to z, and z, we get
Q1(dz1)K¢(z1,dz1) = Qi(dz1)K¢(21, dzy)

with R
K; = MyA; : ]K,(f)(zﬂ:]E[m(Q)(f)@:21]. O
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Theorem 3

Under some regularity assumptions, for all functions f with oscillations bounded by 1,
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[E[m(&) (D] =Dy <

for an explicit ¢ not depending on f, t and N.
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Perturbation analysis

Theorem 3

Under some regularity assumptions, for all functions f with oscillations bounded by 1,

ct

[E[m(&) (D] =Dy <

for an explicit ¢ not depending on f, t and N.
Similarly, a.s. uniformly

[E [mE)A)IE] - Qr(f))w = ch

As a consequence, foralln > 1, t > 0, N > 1, for all probability measure p on cadlag

paths from [0, f] to S,
c(tv1))”
i -, < (202)

The regularity condition is satisfied if S is a compact manifold, L; is an elliptic diffusion
with jumps, V is bounded.
More generally, it is satisfied under the condition: 3h > 0s.t. Vt >0, x € S,

p(Mp,p(dy) < Pr (X, dy) < p(h) ™ e n(dy),
for some probabilit » on S and some constant p(h) > 0.
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Perturbation analysis
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Perturbation analysis

Idea of proof of [E [m())(1] ~ (N, <

Let ¢ ¢(n) be the law at time t of the nonlinear diffusion )_(gt started at time s with law
n.
Then
$0,6(m(&0)) = ¢o,t(mo) =nt and  ¢r(M(&)) = m(&:r)
so we investigate the interpolation s — ¢s 1(m(&s)) =: Ys,and prove that it is a

semimartingale with drift bounded in absolute value by ¢/N.

So
ct

IE[m(&)(N] = ne()] < -
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Perturbation analysis

Idea of proof of [E [m())(1] ~ (N, <

Let ¢ ¢(n) be the law at time t of the nonlinear diffusion )_(gt started at time s with law
n.
Then

#0,t(m(&)) = ¢o,t(no) =mne and e (m(&)) = m(&r)

so we investigate the interpolation s — ¢s 1(m(&s)) =: Ys,and prove that it is a
semimartingale with drift bounded in absolute value by ¢/N.

So
EIm(e)(D] - m(N] < 5.
Similarly
Blm(G )P - m(F)| < 5

Marc Arnaudon
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Stability of nonlinear diffusions in manifolds

oY= Y["0 a Brownian motion with non linear drift by(nt, Y) := [y, m(dx)be(x, y) in
a manifold (M, g)

@ ¢¢(no) = nt, the law of Yy

°
Vybt(22,21) Vbt (21, 22)

Bi(zy,20) := (
Vbt (22,21)  Vybt (21, 22)

1
) , G = E(B¢+B{)

Theorem 4

Under condition

1.
(H1) : Ci(x,y) — ERICMxM(X,Y) < —XMgmxm(X, )

we have
Wa(ot(po), pt(p1)) < € M Wa(po, 1)
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Stability of nonlinear diffusions in manifolds

oY= Y["0 a Brownian motion with non linear drift by(nt, Y) := [y, m(dx)be(x, y) in
a manifold (M, g)
@ ¢t(no) = mt, the law of V;
°
Vybt(22,21)  Vxbt (21, 22) 1
Bi(zy,22) := , G = E(Bt + By)
Vxbt(22,21)  Vybt (21, 22)

Theorem 4

Under condition

1.
(H1) : Ci(x,y) — ERICMxM(X,Y) < —XMgmxm(X, )

we have
Wa(ot(po), pt(p1)) < € M Wa(po, 1)

If bi(x, y) = —V(F o px)(y) — VU(y), with F a real function, px distance to x,

1 .
(H1) : VPUuxm(x,y) + V3(F o p)(x,y) + ERlCMxM(Xv}/) > MGmxm(X, Y).
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Stability of nonlinear diffusions in manifolds

Sketch of proof : infinitesimal parallel coupling
@ ¢ — Y¢ optimal between Y9 ~ g and Yd ~ p4,

@ Independent copy : & — X optimal between X2 ~ 1 and X] ~ p1,

X0 ) . Lo . . ( Ey[b(Y?, X%)] )
° ! Brownian motion in M x M with drift VL
( Y? Ex[bi(XP, YP)]

(3
° ( )35’5 )solution to linear equation
t
D O0eXs \ _ [ Ey [Vxb (Y§,XF)0-XF + Vyby (YF, XF) 0= YF dt
0:YE ) T\ Ex [Vxbt (X£, YF) 0 X5 + Vyby (X5, YF) 0-YF

t
1. 0 Xf
t
ERICMXM( aszE ) dt.
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Stability of nonlinear diffusions in manifolds

Sketch of proof : infinitesimal parallel coupling
@ ¢ — Y¢ optimal between Y9 ~ g and Yd ~ p4,

@ Independent copy : & — X optimal between X2 ~ 1 and X] ~ p1,

X0 ) . Lo . . ( Ey[b(Y?, X%)] )
° ! Brownian motion in M x M with drift VL
( Y? Ex[bi(XP, YP)]

(3
° ( )35’5 )solution to linear equation
t
D O0eXs \ _ [ Ey [Vxb (Y§,XF)0-XF + Vyby (YF, XF) 0= YF dt
0:YE ) T\ Ex [Vxbt (X£, YF) 0 X5 + Vyby (X5, YF) 0-YF

t
1. Oe Xf
;
2R1<:M><M( BEY% )dt.

X\ . o o Eylbi(YE, XE)]
@ Then ! s a Brownian motion in M x M with drift ot .
( ye ) i wni jon i x M wi i ( Ex[bi(X¢, YE)]

€
Getapath e — ( );TE ) with controlled speed.
t
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Propagation of chaos in manifolds

Assume Ricy > «.Under condition (H2) : Ci(x, y) < —Xagmxm(X,y)

wehavelE[p2(C?,€?)]1/2< 2 (1787M) Bi(1)

2o+ kK N
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Propagation of chaos in manifolds

Theorem 5

Assume Ricy > «.Under condition (H2) : Ci(x,¥) < —Xoguxm(X,y)

2 @rghr
wehavelE[ (Cnft)] S o +,§(1fe ZAL) Bt’(\’)

with the parameter
i) =y [ o)) lr(x,x) = br(on(i), )P

< (1 = N) / St(1)(AX)be(1) () [16e(X, y) — be(de(), )IIP.
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Propagation of chaos in manifolds

Theorem 5

Assume Ricy > .Under condition (H2) : Ci(x,¥) < —Xoguxm(X,y)

2 @rghr
wehavelE[ (Cnft)] S o +,§(1fe ZAL) Bt’(\’)

with the parameter
i) =y [ o)) lr(x,x) = br(on(i), )P
+ (1 - N) / bt(1)(AX)pe (1) (dy) lIbe(x, ¥) — (1), y)II2.

If bi(x, y) = —V(F o px)(y) — VU(y), with F a real function, px distance to x,

(o) s V2U92(2) + (1= 1) 2(F0 9)(2) 2 he Gum(2)
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Thanks for your attention

Marc Arnaudon
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