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1st LIFT :

QUADRATIC TO ↳ NEAR
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X-RAY

CRYSTALLOGRAPHY
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⇒
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CONVEX RELAXATION

Formulations

of phase retrieval CPR )
.

m

(quadratic ) Find vector xtcn that solves Itai

,x7l2=bi
as

/ LIFT KIX) = 1

( Linear ~ ) Find matrix X=xx* that solves < aiai 't
, X > = bi

/ RELAX to semi definite program GDP)

minimize ME,tilX ) subj to < aiai 't
, X > = bi

,
X&0

Xetcnxn
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GOOD .
Convex relaxation is exact w.h.is . if m=O( n )

[ Candis
,
Stahmer

, Voroninski
'13 ]

BAD . Resulting problem Is unmanageably large
r2

*K¥21 a →x=r2a > €542vectorize lift

WORSE . SDP solvers typically require OC r
" ) storage

O ( RG ) work /itn
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2ND Lift :

POLARITY { CONES
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ORTHOGONAL SUBSPACES

at
projgecb)

9••b"

11/11%a"Bostrom, NIthe "

projects ) + pwjge ( b ) = b

distills ) + distal ( b ) = Hbll }
Ttf if messages

2 z

distalb) =

zinfa 112-6112
µ,
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CONVEX CONES

A set

KER
"

is a core if xek =D xxek tx > 0

Examples :

" () 9 a•×

×
2

xx

×
•

Rf = { real' n . vectors wl non .

neg entries }

€•× ,

sin = { Hermitian matrices w/ non . neg e- vals }

Pf = { non - negative polynomials ( even degree ) }

.
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POLARITY GENERALIZES ORTHOGONALITY

CONE K = { convex cone } K=Qt
Polar K°={ 21 < x. 27<-0 V. xek } K°= D

,••bprojklbst psojwlb
) = b

•§"Minkdist .ECb) +distnh.tn = 11bit
^

K°| #is
reassess

. door
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POLARITY OF NORMS [ Example w/ 1 - and @ - norms ]

nkz
epi " ' "

co

11×11
•

= tngrxlxjl
1

> x
,

Boo
^

/ 7×2

polar or
" dual "

norms Bo = (B±)°
e. > > ×

,

|NZZ✓
L

1-
11-211

,
= ?212jl > 4

B
- epi H . 14

Holder Inequality :

4,27<-11×11
,

.

11211g
ay

¥tg±=1
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POLARITY OF
"

NORM - LIKE
"

FUNCTIONS

Take any cvx set

D.
Defines a gauge function .

. - .

^

0am

:±inf{
× > olxe

xD
} -

D)
>

1

f ¥Polar gauge functions
pImayo to

>¢°ca⇐inf{
× > 01ztxD}# t

Generalized Holder Inequality :

< x. 2 > 1 Ocx) .

042
)
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EXAMPLE : LINEAR PROGRAMMING
min hqx > Ocxs := he ,x > + 8 ,oC × )

st A×=b ⇐p
min Ocx )

× >,o
st A×=b

§o(× , ..={°
if ×30

to else

[ For simplicity , assume vector C > o
.

WLOG reg 's CZO ]

Ocx) :=<9x > + §o( × )

"

"
'K

,

>

Cz

092 ) = max{ 0,7ha ,

. . - ,ZYcn }

c ,
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GAUGEOPTIMIZATION



1

GAUGE OPTIMIZATION
For any gauge function ¢ : R "→RU{ to } and cvx set C ;

primal minimize Ocx ) st XEC
×

polar dual

minimize0/92
) st zec

'

where C
'

is the airipolar of C :

C
'

= { 214,2>31 for all xec }
- ° -

weak duality : 1 1 < x. 27<-0/(-13.0/92) forall XEC
,
ZEC

'

strongduality : 1 = < × ,z > = ¢ ( x ) . 0/92 ) # x. 2 primal dual
optimal
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CANONICAL

EXAMPLE
Minturn min 11×11 subj to Ax=b (A=II )

×

polar dual win Hatyll ,+ subj to < big >21
y

{ Atylhb ,y > 31 } x. y optimalgo I
1=11×11 . llatyllxMora••od

{ xlAx=b }
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SPECTRALEXAMPLES

NuclearNor= min 11×11 ,=ZriCD st AX=b

polar dual min HA*yH•=Tma×(A*y) st < big > =L

Semidefprog min trace ( CX ) st fX=b , Xko ( Cto )
-

-

×

polar dual min t
, (A*y ,C ) st L big > =1

[ Arbitrary convex constraints also possible ]
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NUMERICS :

BACK TO PHASE RETRIEVAL
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ALGORITHM

SUMMARY
For Phase Retrieval

,
obtain rank . 1 solution X=xx* via

min trace ( X ) subj to AX=b ,
Xheo

XeHn×n

Approach :

�1� apply first-order method to polar dual yk→y* :

min 4
,
(A*y) st < by > =L

yeirn

�2� each iteration uses Lanczos for rightmost eigenpairs

A*y .
= X. 44*+4,11 > , #

�3� primal Solutions shares

simultaneouslyEdmon
p ;

X* = U
,
SO ,* Sho via small SDP

Holder : < x. As > 2- 0am - 0°CA*y ) 5
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L = # of illuminations 34( information theoretic bad )

Gauge : First - order method onpolar
dual problem

TFOCS : First-order method for SDP .
( Becker

,
Bobin

,
Candes 'll )
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Lifted imageX=xx*
I 50 TB

groomerHIKE.EE#oiioEit.:
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3RD LIFT :

PERSPECTIVE
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EXTENSION TO ALL CONVEX OPTIMIZATION

Perspective of any convex function f :lRn → Ru{ to } :

ftcx ,x ) = Xflxlx ) ( × > 0 ) D=
"

norm - Like "

in ( x ,& )
,
'
(

thin fcx) # tninf"Tx,X)x C- C x EC
* = I

XFCXG )

f

°

.

→

←
>

→

x *:
u 2
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LOTS TO DO !
[ 4. * 424 ]

#

±"]/#sam.IE#itmTamti:xnfgb.o.use+s / •

" ⇒

-
PolarprimaryIs :

specialized algo's for polar dual pairs .

Software :

• modeling language for building gauge problems ( of . CVX )
o general -

purpose solvers
1
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