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Introduction

A Static Robust Constraint

Assuming: g is convex in x and Z is convex.

g(x,z) <0 Vze Z,

g concave in z is ‘easy’ (Ben-Tal et al., 2015),

g convex in z is ‘hard’.
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Introduction

A Distributional Constraint

Ep, [g(x,2)] <0 VP, € P,

g convex in x, convex in z is ‘doable’
(e.g., Wiesemann et al., 2014; Postek et al., 2017)
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Introduction

General Idea

@ Reformulate to an equivalent Adjustable Robust Optimization
constraint

@ Apply standard ARO techniques:
Linear Decision Rules
Non-Linear Decision Rules
Fourier-Motzkin Elimination
etc...
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Second-Order Cone Constraints

© Second-Order Cone Constraints
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Second-Order Cone Constraints
Original Constraint
We are interested in reformulating the robust constraint

a(x) "z + [|A(x)z + b(x)]|2 < c(x) Vze Z,

where a: R” — RL A R” — RI*L b : R" — RY are affine,
with polyhedral uncertainty:
z={zerL : Dz<d},

D e RP*L 4 e RP.
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Second-Order Cone Constraints

Reformulation

We introduce an auxiliary uncertainty set:

Vze Z: a(x)"z+ |A(x)z + b(x)|2 <

A
9}
—
X
~—

= VzeZ: a(x)'z+ W:mﬂ);gl {WT (A(x)z + b(x))} < ¢(x)

= VYweW,Vze Z: a(x)"z+w' (A(X)z + b(x)) < c(x)

W={weRI : |wlp<1)}
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Second-Order Cone Constraints

Reformulation

We find the robust counterpart wrt z:

Ywe W, Vze Z: a(x)"z+w' (A(X)z + b(x)) < c(x)

= YweW: max { (a(x) + A(X)TW)T z+ WTb(X)} < ¢(x)

> Yw e W: wb(x)+min {dT)\| DT\ > a(x) +A(X)TW} < ¢(x)

<~ Ywe W,I\>0:

which is a linear ARO problem.
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Second-Order Cone Constraints

Linear Decision Rules

Using a linear decision rule
A=u+ Vw,
with u € RP, V € RP*9 we obtain a safe approximation:

d" (u+ Vw)+ b(x)"w < c(x)
Ywe W: DT (u+ Vw) > a(x) + A(x)"w
u+Vw>0

dTu+[[VTd+b(x)ll2 < c(x)
<— a,-(x)+||A,-(x)— VTDsz < D,-TU i:l,...,L
H(VT)J-HZSUJ' Jj=1....r
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Second-Order Cone Constraints

Result
If there exist u € RP, V € RP*9 such that
dTu+{|VTd+ b(x)|2 < c(x)

a,-(x) + HA,(X) — VTD,'||2 S D,-TU | = 1,...,L
H(VT)J-H2SUj J=1...,r,

it holds that
a(x) "z + [|A(x)z + b(x)]|2 < c(x) VzeZ.
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Positively Homogeneous Constraints

© Positively Homogeneous Constraints
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Positively Homogeneous Constraints

Original Constraint
We are interested in reformulating the robust constraint
f(A(x)z+b(x)) <0 Vze Z,

where f : R9 — R is positively homogeneous, that is:

v

pf <> = f(v) Vp>0

p

with polyhedral uncertainty:
z={zerL : Dz<d},
D e RP*L 4 e RP.
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Positively Homogeneous Constraints

Reformulation

We introduce an auxiliary uncertainty set W:
Vze Z: f (A(x)z+ b(x)) <0
= VzeZ: max {WT (A(x)z + b(x))} <0

weWw

= VweW,Vze Z: w' (A(x)z + b(x)) < 0.

W={w : f*(w) <0} (Rockefellar, 1970)
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Positively Homogeneous Constraints

Reformulation

We find the robust counterpart wrt z:

Ywe W,Vze Z: w' (A(x)z + b(x)) <0
T
= YweW: mazx{<A(x)TW) Z—l—WTb(X)} <0
ze

— Ywe W : min {dT)\| DT> A(X)TW} +wTb(x) <0

d"A+b(x)Tw<0
<~ VYweW,d\>0:

DT> A(x)Tw,
which is a linear ARO problem.
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Positively Homogeneous Constraints

Linear Decision Rules

Using LDRs, we obtain a safe approximation:
A=u+ Vw,
dTu+w' (VTd+ b(x)) < c(x)

Ywe W: —DTu+w' (A(x)— VTD) <0
u+Vw>0

d'u+f(VTd+b(x)) <0

f((vT)j)guj i=1,...,r
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Positively Homogeneous Constraints

Result
If there exist u € RP, V € RP*9 such that
dTu+f(VTd+b(x)) <0
f(Ai(x)— VD) <D'u i=1,...,L
f((VT)j)SuJ- j=1,...,r.

it holds that

f (A(x)z + b(x)) <0 Vz e Z,
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Convex Constraints

Original Constraint

We are interested in reformulating the robust constraint

f (A(x)z + b(x)) <0 VzeZ,
where f : RP — R is convex and with polyhedral uncertainty:

z={zerL : Dz<d},

D eRPL, d eRP.
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Convex Constraints

We introduce an auxiliary variable to make f positively homogeneous:

f(A(x)z+ b(x)) <0 Vze Z
af (W) <0 Vze Z
=
a=1
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Convex Constraints
Reformulation

We introduce an auxiliary uncertainty set:
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Convex Constraints

Reformulation

We find the robust counterpart wrt z:

v ("vf) cW,vze Z: woa+ w' (A(x)z + b(x)) <0
T
=V <WO> ew: max {woa + w ' b(x) + (A(X)TW) z} <0
w zeZ
==V (W") €W : min {dT/\\ D"\ > A(X)TW} + w ' b(x) + wpar < 0
w A>0

dT )\ + b(x TW—|—w0§0
<:>V<WO>6W,3)\20: T() T
w D'\ > A(x)'w,
which is a linear ARO problem.
Dick den Hertog (Tilburg University) Banff March 8, 2018 21/34



Convex Constraints

Linear Decision Rules

Using LDRs, we obtain a safe approximation:

A=u—+ Vw+ rw,

T
T wo 1+dTr
T () (i) <0

\VIWGW W T _DTr
_pT 0
0T () (a v <°

u+Vw+rwy >0
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Convex Constraints

Result

If there exist u € RP, V € RP*9 r € RP such that

[ dTu (1T (YD) <o

1+d'r>0

DT T AI(X)*VTDi
~D/'u+ (-D; ’)f( _D'r )SO
LD,-Tr>0
u;—l—r;f(\/"T)SO

ri

r; >0

it holds that

f(A(x)z+b(x)) <0 VzeZ,
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Numerical Results

Progressive Approximation

A progressive approximation for an SOC constraint:
a(x) T2+ |A(x)Z) + b(x)2 < c(x) K=1,...,K,

where
z(l),...,z(K) e’Z.

(Hadjiyiannis, 2011): take zM ..., z2(K) as critical scenarios for feasible
solution X.
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Numerical Results

Robust Regression

min T
xeR", T

st. [(A+A)x—bl2<T VA e Z,
with a budget uncertainty set Z with control parameter I'.

I The number of features that exhibit uncertainty.
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Numerical Results

Robust Regression: Results

Diabetes dataset from Efron et al. (2004), 442 observations, 10 features.

r  » 2 3 4 5 6 7 8 9

LDR 938.9 9426 946.2 9485 9494 9504 951.2 951.6 951.7
Time(s) 0.3 0.5 0.3 0.3 0.3 0.4 0.4 0.3 0.2
%Gap 0.0% 0.0% 0.0% 0.0% 0.0% 00% 00% 0.0% 0.0%

LDR: Approximated objective values
Time: Computation time
Gap: Optimality Gap
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Numerical

Results

Robust Regression: Results

Worst Case MSE
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Numerical Results

Robust Regression: Results

Out-of-sample MSE
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Numerical Results

Robust Sensor Placement

0.5

05

Nominal solution for a sensor placement problem.
Squares: Sensors, Dots: Modules, Dashed Lines: Links.
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Numerical Results

Robust Sensor Placement

2 if)eallyi(C, €) = yi(G )l < 7
st Y(C,E) € Z: K yi(¢,€) =3 + 8¢ VieM
Yi(€,§) = xi Vi € H,

i=1

2|M|
Z{(Cag) C§£7 _ngv £<1>Z£l<r}
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Numerical Results

Robust Sensor Placement: Results

|M| fixed sensors with uncertain location, data from (Boyd and
Vandenberghe, 2004).

M| | 10 20 30 40 50 60 70

LDR |244 708 1495 257.0 392.0 564.1 762.9
LB [243 70.8 149.4 2569 391.9 564.1 762.9
Time(s) | 035 24 104 306 59.4 1025 1933

[M|: Number of fixed sensors
LDR: Approximated objective values
LB: Lower bound from 1 scenario

Time: Computation time
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Progressive Approximation

A

For example, given a feasible solution ()?, i, V):

VTd + b(R)

W = argmax,, ¢y {dT (\? + VW) + b()?)Tw}

From this, recover original critical scenario z:

Z = argmax,., {a(f()—rz + ()T (A(R)z + b(>“<))} .

Dick den Hertog (Tilburg University) Banff March 8, 2018

C1VTd + b(R)|2

35/34



	Introduction
	Second-Order Cone Constraints
	Positively Homogeneous Constraints
	Convex Constraints
	Numerical Results

