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Min knapsack

min () CixXi
st DiegWixi = wo

X e {0,1}"

With0<wi <wr <--- < w,, w; € NVI.
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Max Knapsack Min Knapsack

Algorithms FPTAS (Ibarra & Kim, 75) FPTAS (Ibarra & Kim, 75)

Polytopes Natural LP has IG 2 Natural LP has unbounded 1G
Linear number of SA rounds
keep the IG at 2 — ¢ (KMN)

t rounds of Lasserre reduce

Linear number of Lasserre rounds
IG to t/t — 1 (KMN)

leave the IG unbounded (KLM)

3 LP formulation with IG
1+ ¢ and n) constraints
(Bienstock, 08)

37 LP formulation with I1G
bounded and poly(n) constraints

No such formulation 3
in the original space
(F & Sanita, 15)

No such formulation 3
in the original space
(Dudycz & Moldenhauer, 16)

(KMN)-(Karlin, Mathieu, Nguyen, 11), (KLM)-(Kurpisz, Leppdnen & Mastrolilli, 17)
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Knapsack cover inequalities

How can we reduce the integrality gap?

min Zie[n] CiX;
s.t. Z,-E[n] wiXi > W
b% e {0,1}"

» Pick 7 C [n] such that w(T) < wo.

2eiT WiXi = wo — w(T) is valid.

e Min{wj, wo — w(T)}x > wo — w(T) is also valid and stronger.

> Those are the Knapsack Cover (KC) inequalities (Wolsey, 75), (Carr,
Fleischer, Leung, Philipps, 00)
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Knapsack cover inequalities

How can we reduce the integrality gap?
min Zie[n] CiX;
St D Wixi > wo
X e {0,1}"
» Pick 7 C [n] such that w(T) < wo.
DjeT Wixi = wo — w(T) is valid.
e Min{wj, wo — w(T)}x > wo — w(T) is also valid and stronger.

J

> Those are the Knapsack Cover (KC) inequalities (Wolsey, 75), (Carr,
Fleischer, Leung, Philipps, 00)

Thm. (CFLP, 00) Adding all (exponentially many) KC inequalities gives an
integrality gap of 2.

KC (and generalization) also used to strengthen LPs for many covering pbs.
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Extended formulation for Knapsack Cover Inequalities

Thm. (Bazzi, Fiorini, Huang, Svensson, 17)
3 (2 + €)-approximated formulation for Min Knapsack of size (1/¢)°®) pOUos )
> Uses many hammers:

> Bounds on the depth of monotone circuits computing monotone threshold
functions (Beinmel & Weinreb, 06)

> Karchmer-Wigderson games (Karchmer & Wigderson, 90)

> Extended formulation from randomized communication protocols (F,
Fiorini, Grappe, Tiwary, 15)

» Not output-efficient.
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Extended formulation for Knapsack Cover Inequalities

Thm. (Bazzi, Fiorini, Huang, Svensson, 17)
3 (2 + €)-approximated formulation for Min Knapsack of size (1/¢)°®) pOUos )
> Uses many hammers:

> Bounds on the depth of monotone circuits computing monotone threshold
functions (Beinmel & Weinreb, 06)
> Karchmer-Wigderson games (Karchmer & Wigderson, 90)
> Extended formulation from randomized communication protocols (F,
Fiorini, Grappe, Tiwary, 15)
» Not output-efficient.

» Made output-efficient by (Fiorini, Huynh & Weltge, 17)
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Pitch of inequalities for covering problems

Consider any binary covering problem

min 3~ cpq CiXi
st. Ax > b
x € {0,1}"

and a valid inequality Z,Es aix; > ag with a; e NVi € S.
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Pitch of inequalities for covering problems

Consider any binary covering problem
min Z,E[H] CiXi
st. Ax > b
x € {0,1}"

and a valid inequality Z,Es aix; > ag with a; e NVi € S.
The pitch of the inequality is the minimum k such that VT C S, |T| = k, we
have a(7) > .

> x1 + X2 + 2x3 + x4 + x5 > 3 is pitch-3
> x1 +2x2 + 3x3 + 3x4 + 3x5s > 7 is pitch-4
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Pitch of inequalities for covering problems

Consider any binary covering problem
min Z,E[H] CiXi
st. Ax > b
x € {0,1}"

and a valid inequality Z,Es aix; > ag with a; e NVi € S.
The pitch of the inequality is the minimum k such that VT C S, |T| = k, we
have a(7) > .

> x1 + X2 + 2x3 + x4 + x5 > 3 is pitch-3
> x1 +2x2 + 3x3 + 3x4 + 3x5s > 7 is pitch-4

Obs.
> The non-dominated pitch-1 inequalities are of the form 3, x; > 1.
» aj€{l,...,q}VieS = pitch<gq.
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Bounded pitch inequalities - why bother

Thm. 1 (Bienstock & Zuckerberg, 06) (informal)
In order to e-approximate the t-th CG closure of a binary covering problem, it is
enough to satisfy all valid inequalities of pitch < f(t).

Thm. 2 (Bienstock & Zuckerberg, 04) (informal)

There exists a hierarchy that, given an LP for a binary covering problem that
implies all pitch< k inequalities, produces a poly-size LP that implies all
pitch< k 4+ 1 inequalities.
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Bounded pitch inequalities - why bother

Thm. 1 (Bienstock & Zuckerberg, 06) (informal)
In order to e-approximate the t-th CG closure of a binary covering problem, it is
enough to satisfy all valid inequalities of pitch < f(t).

Thm. 2 (Bienstock & Zuckerberg, 04) (informal)
There exists a hierarchy that, given an LP for a binary covering problem that
implies all pitch< k inequalities, produces a poly-size LP that implies all
pitch< k 4+ 1 inequalities.
(Bienstock & Zuckerberg, 18):

“The construction in (BZ, 04) is admittedly complex.”
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Bounded pitch inequalities - why bother

Thm. 1 (Bienstock & Zuckerberg, 06) (informal)
In order to e-approximate the t-th CG closure of a binary covering problem, it is
enough to satisfy all valid inequalities of pitch < f(t).

Thm. 2 (Bienstock & Zuckerberg, 04) (informal)
There exists a hierarchy that, given an LP for a binary covering problem that
implies all pitch< k inequalities, produces a poly-size LP that implies all
pitch< k 4+ 1 inequalities.
(Bienstock & Zuckerberg, 18):

“The construction in (BZ, 04) is admittedly complex.”

More hierarchies were introduced that satisfy Thm. 2 above:
> Certain Sum of Squares (Mastrolilli, 17);
» Hierarchy based on Boolean formulas (Fiorini, Huynh & Weltge, 17);
» Vector Branching (Bienstock & Zuckerberg, 18).
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Bounded pitch, solved?

All those hierarchies require the original formulation to satisfy all pitch-1
inequalities. But:

Thm. (Klabjan, Nemhauser & Tovey, 98)
Optimizing over pitch-1 inequalities is NP-Hard, already for Min Knapsack.

So we do not know how to use this machinery for all covering problems (and, in
particular, for min-knapsack).
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This talk

» Can we approximately separate over bounded pitch inequalities for Min
Knapsack?

» Do bounded pitch inequalities improve integrality gaps?
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This talk

» Can we approximately separate over bounded pitch inequalities for Min
Knapsack?

» Do bounded pitch inequalities improve integrality gaps?

Thm. Given a Min Knapsack problem, 0 < € < 1, and integer g > 1, there is
an algorithm that, with input x* € [0, 1]" either finds a valid inequality with
coefficients in {0,1,..., g} that is violated by x*, or shows that x* satisfies all
such valid inequalities within additive error . The complexity of the algorithm
is polynomial in n and 1/e.
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This talk

» Can we approximately separate over bounded pitch inequalities for Min
Knapsack?

» Do bounded pitch inequalities improve integrality gaps?

Thm. Given a Min Knapsack problem, 0 < € < 1, and integer g > 1, there is
an algorithm that, with input x* € [0, 1]" either finds a valid inequality with
coefficients in {0,1,..., g} that is violated by x*, or shows that x* satisfies all
such valid inequalities within additive error . The complexity of the algorithm
is polynomial in n and 1/e.

> |t also implies e-approximate separation for pitch< 2.
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This talk

» Can we approximately separate over bounded pitch inequalities for Min
Knapsack?

» Do bounded pitch inequalities improve integrality gaps?

Thm. Given a Min Knapsack problem, 0 < € < 1, and integer g > 1, there is
an algorithm that, with input x* € [0, 1]" either finds a valid inequality with
coefficients in {0,1,..., g} that is violated by x*, or shows that x* satisfies all
such valid inequalities within additive error . The complexity of the algorithm
is polynomial in n and 1/e.

> |t also implies e-approximate separation for pitch< 2.

Various positive and (mostly) negative results on IG.
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Notation

For a min-knapsack polytope with constraint
Z WiXi > Wo
i€[n]
with 0 <ws <wp <--- < w,, w; € NVi. We consider inequalities
Zaixi >q
ies

with aj € {1,...,q} forall j € S. We let S;:={j : oj = i}.
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The toy case: g =1

In this case g = 1 iff pitch= 1. All non-dominated inequalities have the form:

ZX;ZI

i€eS

» Choose, among all such valid inequalities, the one whose LHS computed in
x™ is minimum.
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The toy case: g =1

In this case g = 1 iff pitch= 1. All non-dominated inequalities have the form:
Swz
ies
» Choose, among all such valid inequalities, the one whose LHS computed in
x* is minimum.

Vii=min} Xz < minimize LHS
st Dieqwi(l—2z) < wo—1 <« guarantee validity
z e {0,1}"
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The toy case: g =1

In this case g = 1 iff pitch= 1. All non-dominated inequalities have the form:
S
ies

» Choose, among all such valid inequalities, the one whose LHS computed in
x™ is minimum.

Vii=min} Xz < minimize LHS
st Dieqwi(l—2z) < wo—1 <« guarantee validity
z e {0,1}"

3 violated pitch-1 inequality iff V* < 1. Apply the FPTAS for Min Knapsack.

Yuri Faenza — IEOR, Columbia University Bounded pitch inequalities for Min Knapsack



The almost-toy case: g = 2

Lemma. All pitch-2 inequalities are implied by:
» Pitch-1 inequalities;
» Valid inequalities of the form
IFREI IR
€S i€ESH

where for each i € §; and j € S», we have i < j. Monotonicity property.
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The almost-toy case: g = 2

Lemma. All pitch-2 inequalities are implied by:
» Pitch-1 inequalities;
» Valid inequalities of the form
IFREI IR
€S i€ESH

where for each i € §; and j € S», we have i < j. Monotonicity property.

Consider >, wjxj = 5x1 + 6x2 + 7xs + 10x4 + 10x5 > 10.
Inequality  x2 + x3 + 2(xa + x5 + x1) > 2 is valid but non-monotone.

It is dominated by

X1+ x2 + x5+ 2(xa + x5) > 2.
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The almost-toy case: g = 2

It is enough to separate over inequalities
Sxt2 Y wz2
€Sy i€Sy

where for each i € S§; and j € S>, we have | < j.
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The almost-toy case: g = 2

It is enough to separate over inequalities
Sxt2 Y wz2
€Sy i€Sy

where for each i € S§; and j € S>, we have | < j.

i<k, ieS§ = ie&

> Guess k :=max{i:i € S1}. Then < . . .
i>k,ie§S = ies
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The almost-toy case: g = 2

It is enough to separate over inequalities
Sxt2 Y wz2
€Sy i€Sy

where for each i € S§; and j € S>, we have | < j.

i<k, ieS§ = ie&

> Guess k :=max{i:i € S1}. Then < . . .
i>k,ie§S = ies

Vi(k) :=min > _ X'z 4+23 ., X'z <+ minimize LHS
Z,-e[,,] wi(l —z)+wik <wy—1 < guarantee validity
ze=1 < selection of k
z e {0,1}"
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The almost-toy case: g = 2

It is enough to separate over inequalities
Sxt2 Y wz2
€Sy i€Sy

where for each i € S§; and j € S>, we have | < j.

i<k, ieS§ = ie&

> Guess k :=max{i:i € S1}. Then < . . .
i>k,ie§S = ies

Vi(k) :=min > _ X'z 4+23 ., X'z <+ minimize LHS
Z,-e[,,] wi(l —z)+wik <wy—1 < guarantee validity
ze=1 < selection of k
z e {0,1}"

An undominated inequality with pitch= 2 is violated iff 3 k : V*(k) < 2.
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Monotonicity does not hold for g > 3

Consider

ZWJ-XJ- =4x; + 4x2 4+ 5x3 + 6x4 + 6x5 > 13.

J

Inequality
X1+x+2x3+x3+ x5 >3

is non-monotone and non-dominated.
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The strategy for fixed g > 3

> Cover all valid inequalities ), aix; > g that are not dominated by any
inequality with coefficients in {0, ..., g} with a finite number of sets, that
we call type.

> There are at most f(q)n(® types.

» Once a type is fixed, for each i, variable x; has coefficient either 0 or t;.
Separation can again be formulated as a Min Knapsack problem, with
optimum V*(7).

» Use the FPTAS for Min Knapsack to approximately compute each V*(7).
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Non-monotonicity and Jealousy

Given a valid inequality

Zaixi >q

i€S
we say that i € S is jealous if 3 j € S such that w; < w; and o > «;.
Example. Let

Zj wjx; = 10x1 + 10x2 + 20x3 4 25x4 + 50x5 + 80xs + 80x7 + 100xs > 280.
Consider inequality x; + x2 + 3x3 + 4xs + 3x5 + x6 + xg > 4. x5, X6, Xg are jealous.
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Non-monotonicity and Jealousy

Given a valid inequality
Zaixi >q
i€eS

we say that i € S is jealous if 3 j € S such that w; < w; and o > «;.

Example. Let
Zj wjx; = 10x1 + 10x2 + 20x3 4 25x4 + 50x5 + 80xs + 80x7 + 100xs > 280.
Consider inequality x; + x2 + 3x3 + 4xs + 3x5 + x6 + xg > 4. x5, X6, Xg are jealous.

Jealousy Lemma. If . . aix; > g is valid and not dominated by any
inequality with coefficients in {0,1,..., g}, then it has at most g* jealous
variables.
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Type of an inequality

The type associated to an inequality is a triple 7 = (I, M, LL).

» I={i:8; # 0} — Coefficients that appear in the inequality

> M = (m;:i€l), with m; € argmin{w; : j € S;} — min weight for each S;

» L = (L;: i €1), with L; containing the items of highest weight in S,
including all jealous elements, and g more.
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Type of an inequality

The type associated to an inequality is a triple 7 = (I, M, LL).

» I={i:8; # 0} — Coefficients that appear in the inequality

> M = (m;:i€l), with m; € argmin{w; : j € S;} — min weight for each S;

» L = (L;:i€1), with L; containing the items of highest weight in S,
including all jealous elements, and g more. |LL;| = O(q?) Vi.
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Type of an inequality

The type associated to an inequality is a triple 7 = (I, M, LL).

» I={i:8; # 0} — Coefficients that appear in the inequality

> M = (m;:i€l), with m; € argmin{w; : j € S;} — min weight for each S;

» L = (L;:i€1), with L; containing the items of highest weight in S,
including all jealous elements, and g more. |LL;| = O(q?) Vi.

Example. Let
Zj wjx; = 10x1 + 10x2 + 20x3 4+ 25x4 + 50x5 + 80xs + 80x7 + 100xs > 280.
Consider inequality x1 + x> + 3x3 + 4xa + 3x5 + x6 + xg > 4. We can choose:

I={1,3,4}
m1:17 m3:37 m4:4
Ll = {6787 132}7 ]L3 = {5,3}, ]]_44 = {4}
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Type of an inequality

The type associated to an inequality is a triple 7 = (I, M, LL).

» I={i:8; # 0} — Coefficients that appear in the inequality

> M = (m;:i€l), with m; € argmin{w; : j € S;} — min weight for each S;

» L = (L;:i€1), with L; containing the items of highest weight in S,
including all jealous elements, and g more. |LL;| = O(q?) Vi.

Example. Let
Zj wjx; = 10x1 + 10x2 + 20x3 4+ 25x4 + 50x5 + 80xs + 80x7 + 100xs > 280.
Consider inequality x1 + x> + 3x3 + 4xa + 3x5 + x6 + xg > 4. We can choose:

I={1,3,4}
m1:17 m3:37 m4:4
Ll = {6787 132}7 ]L3 = {5,3}, ]]_44 = {4}

Lemma. There are at most f(q)n¢\? different types.
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Coefficients for an inequality of a given type

The type associated to an inequality is a triple 7 = (I, M, L).
» I={i:S; # 0} — Coefficients that appear in the inequality
> M= (my,...,my), with m; := argmin{w; : j € S;} — item of min weight
for each S;
» L = (Ly,...,Lyy), with L; containing the items of highest weight in S;,
including all jealous elements, and up to at most g more.

If j € S, then its coefficient is univocally determined by 7:
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Coefficients for an inequality of a given type

The type associated to an inequality is a triple 7 = (I, M, L).
» I={i:S; # 0} — Coefficients that appear in the inequality
> M= (my,...,my), with m; := argmin{w; : j € S;} — item of min weight
for each S;

» L = (Ly,...,Lyy), with L; containing the items of highest weight in S;,
including all jealous elements, and up to at most g more.

If j € S, then its coefficient is univocally determined by 7:
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Coefficients for an inequality of a given type

The type associated to an inequality is a triple 7 = (I, M, L).
» I={i:S; # 0} — Coefficients that appear in the inequality
> M= (my,...,my), with m; := argmin{w; : j € S;} — item of min weight
for each S;

» L = (Ly,...,Lyy), with L; containing the items of highest weight in S;,
including all jealous elements, and up to at most g more.

If j € S, then its coefficient is univocally determined by 7:
|

> If j € L; of j = m; for some i € I, then j € S;.

> Else j € §;, with i € I s.t. wj € [Wi;, min{minger; Wk, Mings; Wm, — 1}]

We let V; be the variables whose coefficient in the inequality is either O or i.
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Guaranteeing feasibility for a given type

Consider all inequalities of type 7 of the form

Za;x,— Z q (l)

i€es
Vi(r) i=min 30013 ey, X 2) < minimize LHS
< guarantee validity
zp=1Vj e UL; Ui {m;} < selection of 7
zi = ovj ¢ Ui V;
z e {0,1}"
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Guaranteeing feasibility for a given type

Consider all inequalities of type 7 of the form
ZOMXI' >q
i€s

V*(r):=min >, i(ZjeV,- Xj"zj)
z=1Vj € UL; U; {m;}

z;=0Vj ¢ UiV;
ze{0,1}"

Recall how we guarantee validity for g = 2:

Z wi(l —z)+ Wi
—

i€[n]

w([n]\S)

(1)

< minimize LHS
< guarantee validity
< selection of 7

SW()—].

max weight of S’ C S not satisfying (1)
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Guaranteeing feasibility for a given type

Consider all inequalities of type 7 of the form

Za;x,— Z q (1)

i€es
Vi) i=min 35 i3 ey, X Z) < minimize LHS
< guarantee validity
zp=1Vj e UL; Ui {m;} < selection of 7
z;=0Vj ¢ UiV;
z e {0,1}"
Recall how we guarantee validity for g = 2:

ZWi(l—Zf)+ Wi <w —1

: ~~

et max weight of S’ C S not satisfying (1)

w([A]\S)

Lemma. The max weight of a set S’ C S not satisfying (1) only depends on
the type:=c(7). It can be computed efficiently.
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Guaranteeing feasibility for a given type

Consider all inequalities of type 7 of the form

ZOMXI' >q
ieS
V*(7) := min Zie]l i(ZjeVi Xj*zj)
2iewil=z)+o(r) <wo —1
zi=1Vj e UL; U; {m;}
zi = ovj ¢ Ui V;
ze{0,1}"

Recall how we guarantee validity for g = 2:

Z wi(l —z)+ Wi
—

i€[n]

w([n]\S)

(1)

< minimize LHS
< guarantee validity
< selection of 7

SW()—].

max weight of S’ C S not satisfying (1)

Lemma. The max weight of a set S’ C S not satisfying (1) only depends on

the type:=c(7). It can be computed efficiently.
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Separation algorithm for inequalities with coefficients in {0,1,...,q}

> Apply the separation algorithm for pitch-1 and pitch-2. If it outputs
infeasible, stop.

> For k=3,...,q:
> For each type 7:

> Compute o(7);
> Approximately compute V*(7)
> If V*(7) < q, output infeasible

» Output feasible.
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Integrality gaps

Do bounded pitch inequalities improve the integrality gap of linear relaxations
for Min Knapsack?
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Integrality gaps
Do bounded pitch inequalities improve the integrality gap of linear relaxations
for Min Knapsack?

» Good news:

> When ¢ = w, adding pitch-1 and pitch-2 inequality gives |G of 3/2.
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Integrality gaps

Do bounded pitch inequalities improve the integrality gap of linear relaxations
for Min Knapsack?

» Good news:

> When ¢ = w, adding pitch-1 and pitch-2 inequality gives |G of 3/2.

» Bad news:

> Adding all bounded-pitch inequalities to the natural relaxation still gives
non-constant IG.
> Hence, using (BZ, 06), after a finite number of CG rounds one still have
non-constant integrality gap.
> Adding all bounded-pitch inequalities and all KC inequalities, still gives an
IG of = 2.
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Integrality gaps

Do bounded pitch inequalities improve the integrality gap of linear relaxations
for Min Knapsack?

» Good news:

> When ¢ = w, adding pitch-1 and pitch-2 inequality gives |G of 3/2.

» Bad news:

> Adding all bounded-pitch inequalities to the natural relaxation still gives
non-constant IG.
> Hence, using (BZ, 06), after a finite number of CG rounds one still have
non-constant integrality gap.

> Adding all bounded-pitch inequalities and all KC inequalities, still gives an
IG of ~ 2.

Thank you for your attention.
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