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Let

frH—-C, ~:=(25)elrcsL(z), reH:={reC|Im(r) >0}

Modular transformation:

F(7) — () (er + d)k (

ar+ b ~0
ct+d)
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Let f: Q — C, 7:=(@3)€F§SL2(Z), xeQ

Modular transformation:

f(x) — e Y(y)(ex + d)7kF <

ax+b 5
ex+d)
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A quantum modular form of weight k (k € 3Z) is function

f:Q\S — C, for some discrete subset S, such that




A quantum modular form of weight k (k € 3Z) is function

f:Q\S — C, for some discrete subset S, such that for all
Y= (ﬁ 3) € I', the functions




Quantum Jacobi and quantum modular forms

Quantum modular forms

Definition (Zagier '10)

A quantum modular form of weight k (k € 3Z) is function
f:Q\S — C, for some discrete subset S, such that for all
v=(25) €T, the functions

hy(x) = hr (%) = F(x) — e (9)(ex + d)7F (iﬁi 3)

extend to suitably continuous or analytic functions in R (or R\ T).
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Example. Kontsevich's “strange” function (x € Q)
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Here, for n € Ny,

n—1

is the g-Pochhammer symbol.
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(a:q)n = [J(1 - a¢) = (1 - a)(1 —ag)(1 — ag®) - (1 — ag"Y).
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The function ¢ is a quantum modular form of weight 3/2,
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The function ¢ is a quantum modular form of weight 3/2, i.e.

$(x) — Gt o(x +1) =0, ¢(x) F Colx|"? ¢(~1/x) = h(x),

where h is a real analytic function (except at 0).
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Proof ingredient:
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Proof ingredient: Let g = e*™" 7 ¢ H
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Proof ingredient: Let g = e*™" 7 ¢ H

(%)

[ee)

Let 7(r):= Z n

n=0

i
q,

n(r) = g2 [J(1 g
n=1
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Proof ingredient: Let g = e*™" 7 ¢ H

[ee)

Let 7(r):= Z n

(12) “
g2,
n=0 n

[ee)

n(r) = g2 [J(1 g

n=1

We have that

n=0

3 (ﬁ(q; q)n — 77(T)> _%ﬁ(T) () (é - ,;1 1 i’nq,,> '
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Proof ingredient: Let g =€

27rlT

T e H.

~ 12 n?
Let 7(7) = Z n (7> g,
n=0

n(r) = q% [J(1—q")
n=1
We have that
> (e (@ @)n—n(r)) =
n=0

——n(T) +n(7) (

oo qn
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Example. Define
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Example. Define

o(q)

|
g

J*(q) = QZ ﬂ

> T(na,

n>0
Z T(n) qj%;_l .
n<0
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Example. Define

o(q)

|
g

o*(q) = QZ (=1)"g"

(Andrews, Cohen, Ramanujan)

> T(na,

n>0
S T(n)g =
n<0
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For x € Q, define

() = ¥ (¢

ix
e O.*(e

(g T o«
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Ex.

For x € QQ, define

f(x) = T8 o (e2ﬂ'ix)

Tix
ezo*(e

f(k

) = Coak - 0(Ck) = —Coak - o ().

—27rix).
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The function f is a quantum modular form of weight 1,
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The function f is a quantum modular form of weight 1, i.e

f(x+1) = Caf(x), f(x)—Gil(x+1)71f <2 +1>—h(x)

where h is a real analytic function (except at —1/2)
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Proof ingredient

Let T = x + iy € H. The function

1
u(r)=yz Y T(n)kKo
nEl+247
is a Maass wave form

(27T|n|y) 7rlnx

ao» «F

13



Quantum Jacobi and quantum modular forms

Quantum modular forms

Proof ingredient:

Theorem (Cohen)
Let T = x + iy € H. The function

u(r)=y? 3 T(nko <27T2|2|y> nin

is a Maass wave form. i.e.,

u(r +1) = ezu(r),

()=

(L + o) ulr) = puto)

13



Quantum Jacobi and quantum modular forms

Harmonic Maass forms

Definition (Bruinier-Funke)
A harmonic Maass form of weight k € 17 on To(4N) is a smooth

M:H - C satisfying
(1) VA= (25) e To(4N), T € H,

M(A )_ (d)2k ;2!( (CT+d)kM( )7 ke %Z—Z
77 (er + dyF i), ke

~ 2 2 8 .
(2) AgM =0, where Ay == —y? (% + 8372) + iky (% n ,%)
(7 =x+1iy)

(3) M has linear exponential growth at all cusps.
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Decomposition:

M=M+ M-
n>ry

M = Z em(n)q"  “holomorphic part” = mock modular form

n<0

M~ = Z ey (M (1 — k,4x|nly)q"  “non-holomorphic part”

I(a,x) ::/ tite " dt
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Zwegers: Ramanujan’s mock theta functions are mock modular.
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Quantum Jacobi and quantum modular forms

Mock theta functions and mock modular forms

Zwegers: Ramanujan’s mock theta functions are mock modular.

Example:
2
& n q q4

o q _
W= g  ar e A ara
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modular forms?

Question: What is the connection between quantum & mock
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Example. Let g = e2™'7.

n=0

meZ

U(r) == q %Y (6:9)2q" = g3 > u(m,n)(~1)"q",

n>1

u(m, n) := #{size n strongly unimodal sequences of rank m}.
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A sequence {aj}j-=1 of integers is called strongly unimodal of size n
if

® ait+a+---+as=n,

«40r «4F»r « =) 4«
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A sequence {aj}j-=1 of integers is called strongly unimodal of size n
if

® ait+a+---+as=n,

e0<ai<ap<---<a >ag > -as >0 for some r.
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Quantum Jacobi and quantum modular forms

Quantum modular forms

Definition
A sequence {a;}_; of integers is called strongly unimodal of size n
if

@ ayf+a+---+as=n,

0 0<ag<ap<---<a>ap1 > --as >0 for some r.

The rank equals s — 2r + 1 (difference between # terms after and
before the “peak”).
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Let x € Q. We have that

¢(—x) = U(x).
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Let x € Q. We have that

6(—x) = U(x).

For x e HU Q, the function U satisfies

U(x) + (—ix) "2 U(~1/x) = g(x),

where g is a real analytic function (except at 0).




Let x € Q. We have that

6(—x) = U(x).

For x € HU Q, the function U satisfies

U(x) + (—ix) "2 U(~1/x) = g(x),

where g is a real analytic function (except at 0).




For t € N, define

Fi(r) = a"Y (a9 H oD

kt> k1>o

kt> k1>1

t—1
Ur(r) == g3 (a: )19 [ ¢

Jj=1

Jj=

1

[kj—i-l]
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Quantum Jacobi and quantum modular forms

Quantum modular forms

Definition (Hikami, Hikami-Lovejoy)
For t € N, define

_qz qqkthka—i-l [ le]q7

ki>---k1 >0

—il .
. - J—1
U) = Y (@i a [] 0 i it
k> ki >1 j=1 J+1 T Ry

Note.

22



Let k € N. We have that

(=) = e ().

Moreover, F; and U; are quantum modular forms.
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n=0

Previously, U(r) == ™% > (q:9)2¢™" =g~ % > _ u(m, n)(-1)"q".

meZ

n>1
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n=0

meZ
n>1
__ A 2miz _ 27T
Let w = e“™%,q = e“™'".

Previously, U(r) == ™% > (q:9)2¢™" =g~ % > _ u(m, n)(-1)"q".
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n=0

Previously, U(r) == ™% > (q:9)2¢™" =g~ % > _ u(m, n)(-1)"q".

,q=e

meZ
n>1
Let w = e27riz 27iT
[e'S)

U(z;7) = Z(wq; Qn(w g q)nqg"™ = Z u(m, n)(—w)™q".
n=0

. Define the two-variable function

meZ
n>1
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Quantum Jacobi and quantum modular forms

Quantum modular forms

oo

Previously, U(r) := g% Z(q; q)q"t =g % Z u(m, n)(=1)"q".

n=0 meZ
n>1

Definition
Let w = e2™2 g = e*™'7. Define the two-variable function

[e.9]

U(zi7) =Y (wai @)a(wq: q)ng™ ™ = u(m, n)(~w)"q".

n=0 meZ
n>1

Note. )
U(0; 1) = g2a U(7).

24



Define the two-variable function

F(z;7) = Z w1 (wa; q),
n=0

«40r «4F»r « =) 4«



Define the two-variable function

F(z;7) = Z w1 (wa; q),
n=0

Note.

—Th

e T F(0x) = 6(x)
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Let k € N, and h € Z such that gcd(h, k) = 1. For suitable z € C,
we have for x = % that

F(z;—x)=U(z;x).
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Quantum Jacobi and quantum modular forms

Quantum modular forms

Theorem (F-Ki-TruongVu-Yang)

Let k € N, and h € Z such that ged(h, k) = 1. For suitable z € C,
we have for x = % that

F(z;—x) = U(z;x).

Moreover, for suitable fixed z, these functions are quantum
modular forms when viewed as functions of x € Q.

26



Let k € N, and h € Z such that gcd(h, k) = 1 For suitable z € C,
we have for x = % that

F(z;—x) = U(z;x).

Moreover, for suitable fixed z, these functions are quantum
modular forms when viewed as functions of x € QQ.
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modular form?

Question: Can we view U(z; x) as a two variable quantum
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Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Definition (Bringmann-F)

A weight k € %Z and index m € %Z quantum Jacobi form is
function ¢ : Q x Q — C such that Vy = (25) € SL»(Z) and
(\, ) € Z x Z, the functions

29



Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Definition (Bringmann-F)

A weight k € %Z and index m € %Z quantum Jacobi form is
function ¢ : Q x Q — C such that Vy = (25) € SL»(Z) and
(\, ) € Z x Z, the functions

hy(z;7) == ¢(z; 1)

1 —k —2‘rrimcz2 Z aTt + b
— d cT+d —_
e (Nler+d)~eers ¢<c7+d'c7+d>’

29



Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Definition (Bringmann-F)

A weight k € %Z and index m € %Z quantum Jacobi form is
function ¢ : Q x Q — C such that Vy = (25) € SL»(Z) and
(\, ) € Z x Z, the functions

hy(z;7) == ¢(z; 1)

1 —k —2‘rrimcz2 Z aTt + b
— d cT+d —_
e (Nler+d)~eers ¢<c7+d'c7+d>’

8o (zim) = ¢(z;7)

_ 62—1(/\7lu)e27rim(>\2'r+2)\z)¢(z + AT+ 7_)’

29



Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Definition (Bringmann-F)

A weight k € %Z and index m € %Z quantum Jacobi form is
function ¢ : Q x Q — C such that Vy = (25) € SL»(Z) and
(\, ) € Z x Z, the functions

hy(z;7) == ¢(z; 1)

1 —k —2‘rrimcz2 Z aTt + b
— d cT+d —_
e (Nler+d)~eers ¢<c7+d'c7+d>’

8oz ) = d(z;7)
_ 62_1(/\, lu)e27rim(>\2'r+2)\z)¢(z + AT+ 7_)’

satisfy a “suitable” property of continuity or analyticity in R?.
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We define using the unimodal function

Yt (z;7) = —2isin(7rz)q_% U(z; 1),
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Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

We define using the unimodal function

Yt (z;7) = —2isin(7rz)q_§ U(z; ),

and the “error” function

: . TiTt2—4mzt H rirt2 inh 2t
H(z;7) := ”9(2'7-)/ € dt — I/ e 5 2mztSM U3 ) (%5 )dt.
2 n(r) Jr cosh(rmt) V3 Jr cosh(rt)

30



Q>

a h
b’k

We define the following subset Qy of Q?

) Q?%: b,k €N, ged(a, b) = ged(h, k) =1,b | k}.
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Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Theorem (Bringmann-F)
The following transformation properties hold.

(i) For (z,7) € (C x H) U Qp, we have that

Yt(z;7) - et Yt (z;7+1) =0,
it 1
Yt(z;7) + e’ (=iT)~2 2yt ( —) = —H(z; 1),
T T
YHz; 1)+ YT (z+1;7) =0,
Y+(Z, 7_) 7671'12 3miT Y+(Z + 7 ,7_)

_ o Bmiz— Bz~ (1 _ e47riz+27ri'r) _ i(z;7) (e
n(r)

TiT
7

(1)
()
(3)
(4)

= e—67riz—¥) )

32



i 19(2 7—) e7\'f7-t2_27r2t

i 1ri.,-t2
_ e [
2 77(7' ) R cosh 7t \/5 [

(O <Fr <=

.
sin ( I )dt.
cosh(mt)
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Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Theorem (Bringmann-F)
The following transformation properties hold.

(i) For (z,7) € (C x H) U Qp, we have that

Yt(z;7) - et Y+(z T+1)=0,
1
Yt(z;7) + ie* (—iT) syt ( —) = —H(z; 1),
T T
YHz; 1)+ YT (z+1;7) =0,
Y+(Z, ,7_) 7671'12 3miT Y+(Z + 7 ,7_)

_ o Bmiz— Bz~ (1 _ e47riz+27ri7—) _ i(z;7) (e
n(r)

TiT
7

(5)
(6)
(7)
(8)

= e—67riz—¥) )
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(ii) In particular, for (z,7) € Qa, we have that

miz?
Yt(z; 1)+ e (—iT)

T

g 2
e’”gt2 —27rztsmh (Lt dt
V3 Jr cosh(wt) '
Y+(Z; 7_) + e—67riz—37ri‘r y-l-(z + 7 7_)

(9)

_ i, 2bmiT
— e Smiz—=4

(10)

(1 _ e47riz+27ri7')

A

35




Quantum Jacobi and quantum modular forms

Theorem (Bringmann-F, cont.)
(ii) In particular, for (z,7) € Qa, we have that

YH(zi7) + i (—ir) hy (Z; —1> 9)

T T
2

. g 2w

— I/ eﬂ%fZﬂztsmh (Tt)

V3 Jr cosh(7t)

YT (z;7) 4 e O3 Y (2 4 70 7) (10)
—briz— 251772"7' (1 _ e47riz+27ri7') )

dt,

=€

The function on the right-hand side of (9) extends to a C*°
function on (R \ (£1/6 + Z)) x R*, and the function on the
right-hand-side of (10) extends to a C* function on R2.
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In particular, Y (z;7) is a quantum Jacobi form of weight 1/2
and index —3/2 on SLy(Z).
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Let 7 = h/k and z = a/b be such that (z,7) € Q2. Then
YT (z;7)

GG Z( G (1 - ) ¢ g
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Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Corollary (Bringmann-F)

Let1<a<b,1<h< k with gcd(a, b) = gecd(h, k) =1, blk and
W € Z with hh' = —1 (mod k). Then, as q — (' radially within
the unit disc, we have that

q

im, (R (@) - """ (@31 9)

k—1
= 2 (L= G GRS (G (1 - ) G,

Jj=0

N =

38



Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Corollary (Bringmann-F)

Let1<a<b,1<h< k with gcd(a, b) = gecd(h, k) =1, blk and
W € Z with hh' = —1 (mod k). Then, as q — (' radially within
the unit disc, we have that

: a. —a%h' k a.

im, (R(G3:0) = "€ (1)

q

k—1
= S (1= G GG D~ (1 - G G,

Jj=0

N =

R(w; q) = partition rank g.f., C(w; q) = partition crank g.f.

38



For 7 = h/k and z = a/b such that (z,7) € Qa, the Eichler
integral

/ "'” _2nzSinh (27“)
\/_

dt
cosh(mt)
is given as an explicit 2-variable polynomial in (¢Z,(])

O» «4F» « =) «




v (wgi @)a(—gw i q)ag"
V(Z. T) o ;o (q; q2)n+1

RN (i e o o L
W(Z' T) B ; (—q; Q)2n+1
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Quantum Jacobi and quantum modular forms

Combinatorial g-series

Definitions (Kim-Lim-Lovejoy)

= (—wai q)a(—qw T q)ng”
HET)= nz:% (4 ¢)nt1

e (wg 42)n(wig; ¢2)ng?"
Wzim) = nz_;) (—g: 9)2n+1

Note. V is a rank g.f. for odd balanced unimodal sequences.

W is a g.f. for partitions without repeated odd parts.

40



The functions v(x) := e V(1 8x) and w(x) := e™*W(0; x)
are quantum modular forms.

«0O0r «4F»r <«

it
v



Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Theorem (Barnett-F-Ukogu-Wesley-Xu)
The functions
Vi(z;7) = 2cos(7rz)q%V(W; q),

and s L
WH(z;7) := 2cos(nz)gs W(w; q2),

are quantum Jacobi forms of weight % and index —% on [o(4) and
Fo(2), respectively.
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Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Theorem (Barnett-F-Ukogu-Wesley-Xu)
The functions

Vi(z;7) =2 COS(WZ)q%V(W; q),

and s L
WH(z;7) := 2cos(nz)gs W(w; q2),

are quantum Jacobi forms of weight % and index —% on [o(4) and
Fo(2), respectively.

Note. As was the case with Y+, V* and W exhibit suitable
transformation properties on (C x H) U @, where Q> C Q x Q.
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Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Theorem (Barnett-F-Ukogu-Wesley-Xu)
For (%, f) € @ C Q xQ, we have that

k—1

a 1 _ hj(1 k—j

VT (B?f):—ngbanfZ —1y G ),
=0

k
Wt (2; ) :Z( )J+1§2bl 1)<h(21 1)(k=27+1)

Jj=1

27

where (y ;= e N .
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Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Theorem (Barnett-F-Ukogu-Wesley-Xu)
For (%, f) € @ C Q xQ, we have that

k—1

V(3 8) = —5GEdl (GG,
Jj=0
k
Wt (2; ) :Z( )J+1g2b1 1)Ch(21 1)(4k— 2J+1)7
Jj=1

2mi

where (y ;= e N .

Note. As was the case with Y+, we obtain explicit evaluations of
(2-variable) Eichler integrals at pairs of rationals as (2-variable)
polynomials in roots of unity.
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Proof ingredients.

@ Re-write functions in terms of Appell-lerch sums A,
(Zwegers, Mortenson).
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Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Proof ingredients.

@ Re-write functions in terms of Appell-lerch sums A,
(Zwegers, Mortenson).

@ Analytic continuation: transformation properties C x H —

Qx Q.
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Quantum Jacobi and quantum modular forms

Quantum Jacobi Forms

Proof ingredients.
@ Re-write functions in terms of Appell-lerch sums A,
(Zwegers, Mortenson).
@ Analytic continuation: transformation properties C x H —
QxQ.
o Elliptic Quantum Jacobi transformation properties: =
functional equation = polynomial evaluations.
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