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Circa 2000, Thomas Breuer devised an algorithm to
determine all automorphism groups of Riemann surfaces
for a fixed genus, assuming a complete classification of
groups of sufficiently large order.

I am putting this data, along with additional mathematical
information, into an easily searchable database.
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For many more details, see Breuer’s book “Characters and
automorphism groups of compact Riemann surfaces”.

Given a compact Riemann surface (curve) X and finite group
G =Aut(X ), let Y = X/G be the set of orbits of X under the
action of G. The genus of Y is the quotient genus (or orbit
genus), denoted gY .

Y is equivalent to the quotient of the upper half plane by a
Fuchsian group:

Γ = 〈α1, β1, . . . , αgY , βgY , γ1, . . . , γr |
gY∏
i=1

[αi , βi ]
r∏

j=1

γj = 1, γmj
j = 1〉.

The values [gY ; m1, . . . ,mr ] are called the signature.
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Γ = 〈α1, β1, . . . , αgY , βgY , γ1, . . . , γr |
gY∏
i=1

[αi , βi ]
r∏

j=1

γj = 1, γmj
j = 1〉.

Classification of G is equivalent to finding surjections η : Γ → G
for each possible Γ.

We define η by describing the images of αi , βi , and γj under η.
These 2gY + r values in G are called the generating vector.
Notice there can be more than one generating vector for each
pair of a group G and a signature.

This is exactly what Breuer did: his code uses other results to
limit the possible G for any genus, and then searches through
those remaining groups to see if such generators exist.
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Breuer only recorded a list of group and signature pairs for
every genus, not the generating vectors.

I needed the generating vectors in my own research, so I
modified his code to also output all generating vectors up to
simultaneous conjugation. I posted the results of this code on
my webpage.

Similar data may be found using the MapClass package in
GAP, and on Marston Conder’s webpage.



Breuer’s Work lmfdb.org Future Work

The L-functions and modular forms database (LMFDB)

Not to be confused with LMFAO:

Photo by: Jordan von Netzer/ MTV News
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If you see yourself using this data, what additional
information would be helpful for you? Other improvements
that might help?

Do you have other data which might fit in the LMFDB
world?

http://www.lmfdb.org/HigherGenus/C/Aut/
http://www.github.com/jenpaulhus
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Search Example
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Breuer’s code searches for elements in G up to simultaneous
conjugation:

Suppose (g1, . . . ,gr ) is a generating vector with gi ∈ G and
gY = 0. Then, conjugation of all the gi by one h ∈ G is also
a generating vector, i.e. we are classifying generating
vectors up to the action of Inn(G).

Given a group G, signature, and genus, we organize generating
vectors by the conjugacy classes of the images of the γj :

Say C = (C1, . . . ,Cr ) where the Ci are conjugacy classes of
G and η(γi) ∈ Ci . The data (g,G, C) is called a refined
passport, or alternatively X is of ramification type
(g,G, C).
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One Refined Passport
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One Family
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In the paper “Subvarieties of moduli space determined by finite
groups acting on surfaces”, John F. X. Ries lays out explicit
criteria, given a generating vector, for whether the action is the
full action of the generic element of the family in the moduli
space of Riemann surfaces of genus g.

I’ve written code which uses his criteria to determine if a given
generating vector corresponds to the full automorphism group.
The database connects non-full examples with the
corresponding full action.

One caveat: My code only determines the full group and
signature, not which refined passport.
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A refined passport which is not the full
automorphism group
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Its corresponding full automorphism group
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Additional data

Which curves are hyperelliptic and cyclic trigonal (code
from Swinarski), and the corresponding involution or
trigonal automorphism
Equations for hyperelliptic curves (Shaska), genus 3
curves (Magaard, Shaska, Shpectorov, and Völklein), and
a few other curves up to genus 8 (Swinarski)
Decomposition of corresponding Jacobian variety (me) and
dimension of corresponding Shimura variety (code of
Frediani, Ghigi, and Penegini)

There are also options to download the data (as records) to
Magma or GAP readable files.
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To Do List

Quotient genus greater than 0.
Equivalence up to action of the braid group.
Identify topologically (or even analytically) equivalent
actions.
Identify exact refined passport for non-full/full
automorphism examples.
??? Superelliptic curves, Riemann matrix or period matrix,
field of definition of these curves.



Breuer’s Work lmfdb.org Future Work

Thanks

Thomas Breuer
Mike Zieve and John Voight
LMFDB, especially: John Cremona, David Farmer, John
Jones, and Drew Sutherland
Undergraduate students: David Kraemer, Lex Martin, and
David Neill Asanza
Beta testers, or sundry conversations: Michela Artebani,
Antonio Behn, Allen Broughton, Marston Conder, Syed
Lavasani, Cristian Reyes Monsalve, Anita Rojas, Dave
Swinarski, and Aaron Wootton
Grinnell College: Funding for a junior faculty research
leave
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