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The classical Minkowski problem

e Let K C R" be a convex body, and let B" be the n-dimensional
unit ball. The set

K+AB"={v+Aw:veK, weB"}

is the outer parallel body of K at distance A.
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The classical Minkowski problem

e Let K C R" be a convex body, and let B" be the n-dimensional

unit ball. The set

K+AB"={v+Aw:veK, weB"}
={xeR": |x=rk(x)|| <A},

is the outer parallel body of K at distance A.

- it consists of all points x whose closest point rik(x) in K is at

distance at most A.
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e Steiner’'s formula, 1840.

vol (K +AB") = ixi <'i‘>wi(K).

i=0

Wi(K) is the ith quermassintegral.




e Steiner's formula, 1840.
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Wi (K) is the ith quermassintegral.
> Wo(K) = vol (K), Wa(B") = vol (B"),
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e Steiner's formula, 1840.
. /n
" = : W;(K).
vol (K-+AB") ;)7\ (.) (K)

Wi (K) is the ith quermassintegral.
» Wy(K) = vol (K), W,(B") = vol (B"),
» nW;(K) = F(K) (surface area of K.)

3/23



e Steiner's formula, 1840.

i
[(K+AB") =>» A Wi(K).
vl (K428 =3 (Dwi
Wi (K) is the ith quermassintegral.
> Wo(K) = vol (K), W,(B") = vol (B"),
» nW;(K) = F(K) (surface area of K.)
e Kubota's formula, 1925.
vol (B")

Wn_i(K):Voli(Bi)/G(n'i)voli(K\L)dL, i=1,....n,
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e Steiner’'s formula, 1840.

" /n
[(K+AB") =) A Wi(K).
vl (K428 =3 (Dwi
Wi (K) is the ith quermassintegral.
> Wo(K) = vol (K), Wa(B") = vol (B"),
» nW;(K) = F(K) (surface area of K.)
e Kubota's formula, 1925.
vol (B")

Wn_i(K):Voli(Bi)/G(n'i)voli(K|L)dL, i=1,....n,

» G(n, i) is the set of all i-dimensional linear subspaces,
KI|L denotes the orthogonal projection onto L,
vol(-) denotes the i-dimensional volume.
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o Let w C S™1L,

Bk(A, w) = {x ER":O0< [x=rk(X)|| <A A

x—rk(x)
HX—rK( M < }

is the local outer parallel body.
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o Let w C S™L.

Bk(A, w) = {x ER:0< x—rk(x)| <A A

x—rk(x)
HX—rK( M < }

is the local outer parallel body.

~ Br(hw)
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o Local Steiner formula, Fenchel&Jessen, Aleksandrov, 1938.

vol (Bk(, w)) = lgx (?)sn_i(K, w),

Si(K, w) is the ith area measure.




e Local Steiner formula,
1~ /n
vol (Bk(A, w)) = — ;7\ <i>5n,(K, w),

Si(K, w) is the ith area measure.

» Sp(K w) = fv,l(w)d?’-[”‘l(v) (surface area measure),
where vit(w) = {x € 0K : Ju € w with hk(u) = (u,x)},

i.e., the set of boundary points of K having an outer unit
normal in w (“inverse” of the Gau map vg).
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e Local Steiner formula,

vol (Bk(A, w)) ZA() (K, w),

Si(K, w) is the ith area measure.

» Sp(K w) = kal(w)d?’-[”‘l(v) (surface area measure),

where vit(w) = {x € 0K : Ju € w with hk(u) = (u,x)},
i.e., the set of boundary points of K having an outer unit
normal in w (“inverse” of the Gau map vg).

> Si(K,Sn_l) = an_i(K), i=0,..., n—1.
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o Minkowski-Christoffel Problem: Characterize the area measure
Si(K, -) of a convex body K among all finite Borel measures
on S" L.
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o Minkowski-Christoffel Problem: Characterize the area measure
Si(K, -) of a convex body K among all finite Borel measures
on S" L.

» i =n—1, Minkowski problem; solved independently by
and . if and onyl if p
is not concentrated on a great subsphere and

/SH udp(u) = 0.
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o Minkowski-Christoffel Problem: Characterize the area measure
Si(K, -) of a convex body K among all finite Borel measures
on S" L.

» i =n—1, Minkowski problem; solved independently by
and . if and onyl if p
is not concentrated on a great subsphere and

/SH udp(u) = 0.

» Discrete (=polytopal) case: if and only if

Z vol n—l(Fi)ui =0.

u; normal of facet F;
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» i =1, Christoffel problem; solved independently by
and

Z vol n—l(Fi)ui =0.

- u; normal of facet F;
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o Minkowski-Christoffel Problem: Characterize the area measure
Si(K, -) of a convex body K among all finite Borel measures
on S" L.

» i =n—1, Minkowski problem; solved independently by
and . if and onyl if p
is not concentrated on a great subsphere and

/SH udp(u) = 0.

» Discrete (=polytopal) case: if and only if

u,
u
”‘ %
uy
us

» i =1, Christoffel problem; solved independently by
and

Z vol n—l(Fi)ui =0.

- u; normal of facet F;

» 1 <i<n-1, open.
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A note on the logarithmic Minkowski problem

Lp-Brunn-Minkowski theory,

e p=20:
VK((U) = r];/ hK(u) dSn_l(K, U)

is the cone-volume measure of K.
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A note on the logarithmic Minkowski problem

Lp-Brunn-Minkowski theory,

e p=20:
VK(w):i/ hic(u) dS1(K, u)

is the cone-volume measure of K.
» Let P={x€R": (u;,x) < b;, 1 <i<m} be a polytope with
outer unit normals u; and facets F;, 1 <i < m, and let
C; = conv (F; U 0) be the cone with facet F; and apex 0.
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A note on the logarithmic Minkowski problem

Lp-Brunn-Minkowski theory,

e p=20:
VK(w):i/ hic(u) dS1(K, u)

is the cone-volume measure of K.
» Let P={x€R": (u;,x) < b;, 1 <i<m} be a polytope with
outer unit normals u; and facets F;, 1 <i < m, and let
C; = conv (F; U 0) be the cone with facet F; and apex 0.

Vp(w) = Y vol (G) = ZVP({UI})%;(CU)-
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A note on the logarithmic Minkowski problem

Lp-Brunn-Minkowski theory,

e p=20:
VK(w) = i/ hK(u) dSn_l(K, U)

is the cone-volume measure of K.

e Logarithmic Minkowski problem: Characterize the cone volume
measure Vg (w) of a convex body K among all finite Borel
measures [ on S"1.
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. L A finite even Borel
measure L on S"! is the cone-volume measure of a
o-symmetric convex body if and only if it satisfies the subspace
concentration condition,

L The logarithmic Minkowski problem, JAMS, 26(3), 2013.
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. L A finite even Borel
measure L on S"! is the cone-volume measure of a
o-symmetric convex body if and only if it satisfies the subspace
concentration condition,

e i.e., for every linear subspace L holds

dim L

wLns™) < u(s"),

and equality holds for a subspace L if and only if there exists a
subspace L, complementary to L, such that

R(LNS™) + w NS = p(s™™).

L The logarithmic Minkowski problem, JAMS, 26(3), 2013.
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e The general (non-even) logarithmic Minkowski problem is
open:
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e The general (non-even) logarithmic Minkowski problem is
open:

- discrete planar case

20n the number of solutions to the discrete two-dimensional Lo-Minkowski
problem, Adv. Math. 180(1), 2003.
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e The general (non-even) logarithmic Minkowski problem is
open:
- discrete planar case 2

- solved for discrete measures in general position

20n the number of solutions to the discrete two-dimensional Lo-Minkowski
problem, Adv. Math. 180(1), 2003.

3The logarithmic Minkowski problem for polytpopes, Adv. Math. 262, 2014.
9 /23



The general (non-even) logarithmic Minkowski problem is
open:

discrete planar case -

solved for discrete measures in general position

sufficient conditions (discrete case)
4

20n the number of solutions to the discrete two-dimensional Lo-Minkowski
problem, Adv. Math. 180(1), 2003.
3The logarithmic Minkowski problem for polytpopes, Adv. Math. 262, 2014.
4On the discrete logarithmic Minkowski problem, Int. Math. Res. Not. 6,
2016.
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5Cone-volume measure of general centered convex bodies, Adv. Math. 286,
2016.
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e The general (non-even) logarithmic Minkowski problem is
open:

- discrete planar case &

- solved for discrete measures in general position

- sufficient conditions (discrete case)
4

- necessary conditions for centered bodies

- sufficient conditions

20n the number of solutions to the discrete two-dimensional Lo-Minkowski
problem, Adv. Math. 180(1), 2003.

3The logarithmic Minkowski problem for polytpopes, Adv. Math. 262, 2014.

“On the discrete logarithmic Minkowski problem, Int. Math. Res. Not. 6,
2016.

5Cone-volume measure of general centered convex bodies, Adv. Math. 286,
2016.
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The dual Minkowski problem

Dual Brunn-Minkowski theory

e For a convex body K with 0 € int (K) let
pk : R"\ {0} — R>p with pk(x) =sup{p>0:pxe K}

be its radial function.
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The dual Minkowski problem

Dual Brunn-Minkowski theory

e For a convex body K with 0 € int (K) let
pk : R"\ {0} — R>p with pk(x) =sup{p>0:pxe K}

be its radial function.

e For two vectors x,y € R" its radial addition + is defined as

~ X +y, X,y linearly dependent,
X+y= .
0, otherwise.
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e Dual outer parallel body
K+AB"={vtAw:veK, weB"}
={y e R": (1-px(y)) lyll <A}
=KU{y e R"\K: [ly—px(y)yll <A},

ie.,
it consists of all points whose “radial distance” to K is at most A.

KTAB?
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e Dual outer parallel body
K+AB" = {v—~k7\w veK, we B”}
={y e R": (1-pk(y)) lyll <A}
= KU{y e R"\ K |ly - px(y)yll <A},

i.e., it consists of all points whose “radial distance” to K is at
most A.
e Dual Steiner formula;

vol (K FAB") = i)& (f‘)v'i/i(K),

Wi(K) is the ith dual quermassintegral.
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e Dual outer parallel body
K+AB"={vFAw:veK, weB"}
={y e R": (1-pk(y)) llyll <A}
= KU{y e R"\ K |ly - px(y)yll <A},
i.e., it consists of all points whose “radial distance” to K is at

most A.
e Dual Steiner formula;

vol (K FAB") = i)& (f‘)v'i/i(K),

Wi(K) is the ith dual quermassintegral.
> Wo(K) = vol (K), W, (K) = vol (B").
e Dual Kubota formula;

Wi = el vol ; i = n
Wp-i(K) = voI;(Bi) /G(n'i) li(KNL)dL, =1,...,n.
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6 Geometric measures in the dual Brunn-Minkowski theory and their
associated Minkowski problems, Acta Mathematica, 216(2016)(2):325-388.
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o Let w C S™L.
AK(?\, w) = {x e R": (1-pk(x))[Ix]| <A, pr(x)x € le(w)} :

is the local dual outer parallel body.

6 Geometric measures in the dual Brunn-Minkowski theory and their
associated Minkowski problems, Acta Mathematica, 216(2016)(2):325-388.
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o Let w C S™1,
Ax(A, w) = {x € R": (1- pk(x)) [Ix]| < A, pr(x)x € Vid(w)} .
is the local dual outer parallel body.
~ n n |~
vol (Ak(A, w)) = ; (i>7\ Coi(K, w).

Ci(K, w) is the ith dual curvature measure.

6 Geometric measures in the dual Brunn-Minkowski theory and their
associated Minkowski problems, Acta Mathematica, 216(2016)(2):325-388.
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o Let w C S™L.
Ax(A, w) = {x € R": (1- pk(x)) [Ix]| < A, pr(x)x € Vid(w)} .

is the local dual outer parallel body.

vol (Ak(h, w)) = ; (?)N Cri(K, ).

Ci(K, w) is the ith dual curvature measure.
> Gi(K,S™1) = W,(K).

6 Geometric measures in the dual Brunn-Minkowski theory and their
associated Minkowski problems, Acta Mathematica, 216(2016)(2):325-388.
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e For w C S™1 et
*

(W) ={ue S p(u)u € vi(w)}
= Rso vid (w) NS L.
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e For w C S™1 et

ag(w)={ue SIRE Pk (u)u € le(w)}
= Rso vid (w) NS L.
° . Let g € R.

Cakow) =1 [ 1 PEHT )

n

is the gth dual curvature measure.
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e For w C S™! let
(W) = {ue S p(u)u € vit(w)}
= R vid (w) NS™ L.
° . Let g € R.

~ 1
Cq(K, w) = / pK(u)qu"_l(u)
o (w)

n

is the qth dual curvature measure.

Ve(w) =3 8u(w) (1 /R o PK(u)‘*dH"‘l(u))
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e For w C S™! let
ag(w)={ue s+t pk(u)u € vid(w)}
= RZO ‘V_Kl(w) N Sn_l.
° . Let g € R.

~ 1
Cq(K, w) = / pK(u)qd’Hn_l(u)
o (w)

n

is the qth dual curvature measure.
>
Ca(K, w) = Vk(w) (cone volume measure)
ColK, @) = +H™ (og())

(Aleksandrov's integral curvature of K*)
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° . Dual Minkowski problem. Given a finite Borel
measure i on S"! and q € R. Find necessary and sufficient
conditions for the existence of a convex body K (with
0 € intK) such that C4(K, -) = p.
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. Let g € (0, n] A non-zero, even, finite Borel
measure (1 on S" ! is the qth dual curvature measure of a
o-symmetric convex body if for every proper subspace L € R"

w(S"tNL) < min {1, <1 - q;In_nd_lTL> } w(s"h.
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° . Let g € (0, n] A non-zero, even, finite Borel
measure (1 on S" ! is the qth dual curvature measure of a
o-symmetric convex body if for every proper subspace L € R"

u(S”_1 NL) < min {1, <1 - q;In_nd_lTL> } u(S“_l).

e For q € (0, 1] also necessary.

15 / 23



° . Let g € (0, n] A non-zero, even, finite Borel
measure (1 on S" ! is the qth dual curvature measure of a
o-symmetric convex body if for every proper subspace L € R"

w(S"tNL) < min {1, <1 - q;1r1—nd_|r{1|_> } w(s"h.

e For q € (0, 1] also necessary.

e For g = n they coincide (up to the equality case) with the
necessary and sufficient subspace concentration condition for
the even logarithmic Minkowski problem.
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° . Let K be an o-symmetric
convex body, g € (1,n) and let L be a proper subspace. Then

Cq(K, S ML) < min {1, d":L} Cq(K,S™H).

"Subspace concentration of dual curvature measures of symmetric convex

bodies, J. Differential Geometry, accepted for publication.
8
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° . Let K be an o-symmetric
convex body, g € (1,n) and let L be a proper subspace. Then

~ imL) ~
Cq(K,S"™1 L) < min {1, d":} Cq(K,S™1).

° 8 Letge (1,n). A
non-zero, even, finite Borel measure p on S"! is the gth dual
curvature measure of a symmetric convex body if for every
proper subspace L C R"

dimL

w(S"t N L) < min {1,

} w(S").

"Subspace concentration of dual curvature measures of symmetric convex
bodies, J. Differential Geometry, accepted for publication.

8Existence of solution to the even dual Minkowski problem, J. Differential
Geometry, accepted for publication.
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° 9 Let q < 0. A non-zero, even, finite Borel measure
it on S"1 is the gth dual curvature measure of a convex body
if and only if 1 is not concentrated on any closed hemisphere.
The convex body is uniquely determined by the measure.

®The dual Minkowski problem for negative indices , CVPDEs, 56(2):56:18,
2017.
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° 9 Let q < 0. A non-zero, even, finite Borel measure
it on S"1 is the gth dual curvature measure of a convex body
if and only if 1 is not concentrated on any closed hemisphere.
The convex body is uniquely determined by the measure.

° Let g > n+1, and let K be a o-symmetric
convex body. Then for every proper subspace L C R"

g-n+dimL

Cq(K, St
] al )

Cq(K,S"1NL) <

and the bound is best possible.

®The dual Minkowski problem for negative indices , CVPDEs, 56(2):56:18,
2017.
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° 9 Let q < 0. A non-zero, even, finite Borel measure
it on S"1 is the gth dual curvature measure of a convex body
if and only if 1 is not concentrated on any closed hemisphere.
The convex body is uniquely determined by the measure.

° Let g > n+1, and let K be a o-symmetric
convex body. Then for every proper subspace L C R"

g-n+dimL

Cq(K, St
] al )

Cq(K,S"1NL) <

and the bound is best possible.
- For n = 2 the bound is valid for all q > 2.

®The dual Minkowski problem for negative indices , CVPDEs, 56(2):56:18,
2017.
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Some details...
e For g > 0 one may write the dual curvature measure as
Co(K, w) =7 N g
(K @)= " 4 (x),

KﬂRzooc;‘((w)

i.e., for a polytope P = {x: (x,u;) < b;} it is the integral of
the moments ||-||*™" over the cones C; with u; € w.

ColPra) =2 30 [ I ().

ucw
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e Each integral [ ||x||*" d#"(x) over a cone C; depends only
on the facet F;.

.
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e Each integral [ [|x[|"" dH"(x) over a cone C; depends only
on the facet F;.

.
‘ L

G

LL
e On the other hand

C P,s™1) = / / I(y, 2)[7" dH"(y, 2)
PIL JPN(y-+Lt)

and the slices P N (y 4 L*) contain convex combinations of
the form (1-A)F; + A(-F;).
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e Each integral [ ||x||*" d#"(x) over a cone C; depends only
on the facet F;.

.
=

LL
e On the other hand

C P,s™1) = / / I(y, 2)[7" dH"(y, 2)
PIL JPN(y-+Lt)

and the slices P N (y 4 L*) contain convex combinations of
the form (1-A)F; + A(-F;).
e Requires estimates of Brunn-Minkowski type.
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e For g < n the function ||-]|%" : R" — R>q U {oo} is an even
quasiconcave function, i.e., the superlevel sets are o-symmetric
convex sets.
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e For g < n the function ||-]|%" : R" — R>q U {oo} is an even
quasiconcave function, i.e., the superlevel sets are o-symmetric
convex sets.

° Let M C R" be a compact,
convex set, k =dimM and f: R" — R>p an H¥-measurable,
even and quasiconcave function.Then for A € [0, 1]

/ f(x) dH"(x) > / f(x) dH (x).
(1-A)M-+A(-M) M
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Let Ko, Ki C R" be compact, convex sets,
dimKp =dimK; = k > 1, vol ((Kg) = vol (K1) and their
affine hulls are parallel. For A € [0, 1] let
Kx = (1-A)Ko + AKy. Then forp > 1

/ IxIIP 4 (x) + / IXIIP d#(x)
Kx Ki-a

> oA-1PP (/ I[P dk( /HXHP a7k ( )

with equality if and only if A € {0,1} or p=1 and...
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Let Ko, Ki C R" be compact, convex sets,
dimKp =dimK; = k > 1, vol ((Kg) = vol (K1) and their
affine hulls are parallel. For A € [0, 1] let
Kx = (1-A)Ko + AKy. Then forp > 1

/ IxIIP 4 (x) + / IXIIP d#(x)
Kx Ki-a

> oA-1PP (/ I[P dk( /HXHP a7k ( )

with equality if and only if A € {0,1} or p=1 and...

Corollary. Let g > n+1 and let M C R" be a compact, convex
set, k = dim M. Then for A € [0, 1]

/ X1 dH(x) > [2A— [ / X1 d#¥(x).
(I-A)M-+A(-M) M
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e Proof is based on
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> Inductive proof of Brunn-Minkowski
inequality.
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e Proof is based on

>
P = clpn)- [ 160w a7 )
> Inductive proof of Brunn-Minkowski
inequality.

> . Let
X,y € R, X >aiorizing ¥, and let f : R — R be a
non-decreasing, convex function. Then

Foa) + -+ F0a) = Fyn) + - + ().
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Thank you for your attention!
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