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The Banach-Mazur distance of two Banach spaces X and Y is
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The Banach-Mazur distance of two Banach spaces X and Y is
dX,Y) =inf{|T|IT7Y| T:X— Y is an isomorphism}.
If there are no isomorphism with finite norm we put
d(X,Y) = cc.

We say that two Banach spaces are isomorphic if their Banach-Mazur
distance is finite.

We want to study the volume ratio and cotype 2 of triple tensor products.
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Let X be a n-dimensional, normed space with unit ball Bx. Then

vr(X) = _inf (M)i

ECBx \ voln(&)

where & is an ellipsoid contained in By.
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Let X be a n-dimensional, normed space with unit ball Bx. Then

vr(X) = _inf (M)i

ECBx \ voln(&)

where & is an ellipsoid contained in By.

For all finite-dimensional normed spaces X and Y

vr(X) < d(X, Y)vr(Y).
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Type and cotype (Hoffmann-Jorgensen, Maurey, Pisier)
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Type and cotype (Hoffmann-Jorgensen, Maurey, Pisier)

Khintchine inequality

There are positive constants ¢; and ¢ such that for all n € N and all
sequences of real numbers ay, ..., a,

NI

n % 1 n n
ald lal?] < > D eail <o) laif
i=1 i=1

e |i=1

where € = (€1, ..., €,) denote all possible signs +1.
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This can be reformulated as follows: There are positive constants ¢; and

¢ such that for all n € N and all sequences of real numbers as,...,a,
1 1
n 2 1] n n 2
2 2
c1 Z\a,-\ < / Zr,-(t)a,- dt < o Z|a,-\
i=1 0 |i=1 i=1

where r;, i € N, are the Rademacher functions.

Ohad Giladi, Joscha Prochno, Carsten Schiitt Geometry of tensor products May 2017 5/23



This can be reformulated as follows: There are positive constants ¢; and

¢ such that for all n € N and all sequences of real numbers as,...,a,
1 1
n 2 1] n n 2
2 2
c1 Z\a,-\ < / Zr,-(t)a,- dt < o Z|a,-\
i=1 0 |i=1 i=1

where r;, i € N, are the Rademacher functions.

Does Khintchine inequality hold in Banach spaces?
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Khintchine inequality holds in Hilbert spaces.
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Khintchine inequality holds in Hilbert spaces.
In the 2-dimensional Euclidean space we have the parallelogram equality:
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Khintchine inequality holds in Hilbert spaces.
In the 2-dimensional Euclidean space we have the parallelogram equality:

For all x; and x» in R? we have
1 2

2xal3 +2lxel3 = lIx — %13 + lIxa + xell3-
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Khintchine inequality holds in Hilbert spaces.
In the 2-dimensional Euclidean space we have the parallelogram equality:

For all x; and x» in R? we have
2xal3 + 2lxll3 = lIx1 = %l + [x + x3.

The parallelogram equality can be generalized to higher dimensional
parallelotopes

n n 2
2 1
> IIxill3 = > > 1D eixi
=1 € i=1 2
where € = (€1, ..., €,) denotes all sequences of signs +1.
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Let 1 < p < 2. A Banach space X is of type p if there is a constant T
such that for all n € N and all vectors x1,...,x, in X

, . :
/ dt<T (Z ||x,-||P) . (1)
0 i=1

The type-p-constant T,(X) of a normed space X is the infimum over all
constants T that satisfy (1). If the space has no type p then we put
Tp(X) = o0.

n

Z I’,'(t)X,'

i=1
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Let 1 < p < 2. A Banach space X is of type p if there is a constant T
such that for all n € N and all vectors x1,...,x, in X

1 n ;
/ d<T (Z ||x,-||P) . 1)
0 i=1

The type-p-constant T,(X) of a normed space X is the infimum over all
constants T that satisfy (1). If the space has no type p then we put
Tp(X) = o0.

n

Z I’,'(t)X,'

i=1

For all Banach spaces X and Y

Tp(X) < d(X, Y)Tp(Y).
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Let 2 < g < co. A Banach space X has cotype q if there is a constant C
such that for all n € N and all vectors x1,...,x, in X

1|n . 7
C/(; gr;(t)x,- dt > (; ”X:” ) . (2)

The cotype-g-constant C,(X) of a Banach space X is the infimum over all
constants C such that (2) holds. If a space has no cotype g we put
Cy(X) = o0.
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Let 2 < g < co. A Banach space X has cotype q if there is a constant C
such that for all n € N and all vectors x1,...,x, in X

1|n . 7
C/(; gr;(t)x,- dt > (; “X:” ) . (2)

The cotype-g-constant C,(X) of a Banach space X is the infimum over all
constants C such that (2) holds. If a space has no cotype g we put
Cy(X) = o0.

For all Banach spaces X and Y

Cq(X) < d(X, Y)Cq(Y).
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In a Hilbert space the Khintchine inequality holds.
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In a Hilbert space the Khintchine inequality holds.

Kwapien proved that the Khintchine inequality holds in a Banach space if
and only if the Banach space is isomorphic to a Hilbert space.
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In a Hilbert space the Khintchine inequality holds.

Kwapien proved that the Khintchine inequality holds in a Banach space if
and only if the Banach space is isomorphic to a Hilbert space.

His result can also be phrased like this: A Banach space is isomorphic to a
Hilbert space if and only if it has type 2 and cotype 2.
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Let 1 < p < 2. Then the cotype-2 constant of L, is less than V2.
ii) (Tomczak-Jaegermann) The Schatten classes C, have cotype 2 for
<p<2
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i) Let 1 < p < 2. Then the cotype-2 constant of L, is less than V2.
ii) (Tomczak-Jaegermann) The Schatten classes C, have cotype 2 for
1<p<2

(
(

The norm on (j is the same as

k
[Allx = inf {Z il 1]yl
i=1

k
A:ZXi@)Yi}
i=1
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(
(

The norm on (j is the same as

K k
[ Al = inf {Z xilllyill |A = xi ®y,-}
i=1 i=1
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(i) Let 1 < p < 2. Then the cotype-2 constant of L, is less than V2.
1] omczak-Jaegermann e Schatten classes ave cotype or
(i) (T k-Jaeg ) The Sch | Co h ype 2 f
1<p<2

The norm on (j is the same as

K k
[ Al = inf {Z xilllyill |A = xi ®y,-}
i=1 i=1

Does ¢y, @7 £p have cotype 2 for1 < p <27

1,11
For5+;l—|-;§1

lp @ bg R Ly

does not have non-trivial cotype .




Let X be a finite dimensional, normed space. Then

vr(X) < G(X) In(2G&(X)).
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As an application of the invariant volume ratio: Euclidean decomposition

of normed spaces.
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As an application of the invariant volume ratio: Euclidean decomposition
of normed spaces.

There is a positive constant ¢ such that for all n € N and all
2n-dimensional, normed spaces X there are two n-dimensional subspaces E
and F with ENF = {0} and

d(E,l3) <cvr(X) and d(F,¢35) < cvr(X).
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1<p<qg<oo, then
1, qg<2
ni e, p<2<q, s+:2>1
@, 00) <
vr (6 ©7 65) <pa | 11 p<2<q l+l<i
max(%—l—1,0)7 p> )
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letneNand 1< p<g<r<oo. Then

vr (Eg Qn EZ Qr e,r]) =p,q,r nl
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In order to prove the theorem we have to
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In order to prove the theorem we have to

o Estimate the volume of the unit ball
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In order to prove the theorem we have to

o Estimate the volume of the unit ball

(in our case the unit ball of {7 @, (g @7 (7).
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In order to prove the theorem we have to

o Estimate the volume of the unit ball
(in our case the unit ball of {7 @, (g @7 (7).

o ldentify the ellipsoid of maximal volume contained in the unit ball.
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Estimating the volume of the unit ball is done by a generalization of a
theorem of Chevet.
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.
Theorem (Chevet)
Let (Q2,P) be a probability space and let X and Y Banach spaces. Then
foralln,meN, all xy,...,x,€ X and y1,...,ym € Y, and all

independent N(0, 1)-random variables «;, §;, gi .
i=1,...,n, j=1....m

i</ S g @ | dB(w) < 2V2A

ij=1 c

where




Let (X,]-llx), (Y, -lly), (Z,|l-1|z) be Banach spaces. Assume that
XtyoosXm € X, Y1, ., yn € Y and z1,...,zp € Z and g; j k, &iv Mj, Pk
i=1....m j=1....n k=1,..., ¢, be independent standard
Gaussians random variables. Then

m,n,l

Z &ijkXi QYj Q zk
ij,k=1

E <A,

X®Y®eZ
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where

A o= ||(Xi)1r'il||w,2H(yj)}]:l”w,Z]E

+||(Xi)7;1||w,2H(zk k= 1” '

+|| yJ)J ].szH(zk)k 1 HZ{IXI
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Let B be the unit ball of the normed space E with normalized basis
el,...,en. Suppose si,...,S, are positive real numbers such that for all
sequences of signs € = (€1,...,€p)
1 n
E ZE,’S,’G,’ < 1.
€ =1
Then
n
2”Hs,- < voln(B).
i=1
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In the case of the triple tensor product we choose as our basis

6 Qe X ek ij,k=1...,n
and we have to estimate

1

on3

n
E €ij.k€ Q€ ® ek
e |lij.k=1

where €ijk = +1.
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Identifying the ellipsoid of maximal volume
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Identifying the ellipsoid of maximal volume

Since the ellipsoid of maximal volume is unique it is invariant under all
symmetries of the unit ball.
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Identifying the ellipsoid of maximal volume

Since the ellipsoid of maximal volume is unique it is invariant under all
symmetries of the unit ball.

In spaces with a symmetric basis the ellipsoid of maximal volume of the
unit ball has the basis vectors of the symmetric basis as principal axes of
inertia.
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Identifying the ellipsoid of maximal volume
Since the ellipsoid of maximal volume is unique it is invariant under all
symmetries of the unit ball.

In spaces with a symmetric basis the ellipsoid of maximal volume of the
unit ball has the basis vectors of the symmetric basis as principal axes of
inertia.

This extends to tensor products of spaces with symmetric bases. under all
symmetries of the unit ball.
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Identifying the ellipsoid of maximal volume
Since the ellipsoid of maximal volume is unique it is invariant under all
symmetries of the unit ball.

In spaces with a symmetric basis the ellipsoid of maximal volume of the
unit ball has the basis vectors of the symmetric basis as principal axes of
inertia.

This extends to tensor products of spaces with symmetric bases. under all
symmetries of the unit ball.

Thus we have identified the ellipsoid up to a multiple factor.
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The multiple factor equals the norm of the natural identity

id 05— 00 @ 00 @ L0,
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The multiple factor equals the norm of the natural identity

id 05— 00 @ 00 @ L0,

(Hardy-Littlewood) Let 1 < p,q < co with % < % + % and let u be given
by

1 1 1 1

I 2p 29 4

Then we have for all A € (] ®. (g

1

n
Z aijl" | < Alleggeen-
ij=1
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