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Equations of motion
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Travelling (solitary) wave: n = n(z — ct), ¢ = ¢(x — ct,y)



Other models

» Euler-Bernoulli: H(n) = Nygaa
» Kirchhoff-Love: H(n) = 92k



Heuristics

) tanh k
n(z — ct) ~ eF@=e), A =1 +vkh an

Dispersion relation:
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For ¢ = ¢y — €2, one can derive the NLS equation
Vg — U £ ]v|2v =0

where ‘
n(z) = 5v(e:v)eZk0z +c.c. + 0(62)

(up to constant factors)

Focusing (+) if 7 > 70 ~ 3.37 x 10710

Typical values:
v~ 107% (McMurdo sound)
v ~ 1072 (Lake Saroma)

In the focusing case NLS has solitary waves
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Stability theory

Hamiltonian formulation

1 2
H@@):2(4{&%mg+%+JQLﬁ%ﬁp}d$

Here { = ¢|y—y, and G(n) is the Dirichlet-Neumann operator
G(mE =V 1+n:0ng,

A¢p =0, —“l<y<n
¢ =g, y=n
¢y:07 y:_l

Conservation of total momentum

Imﬂz—é&ww

Travelling waves are critical points of H — ¢Z
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Main Theorem

Theorem
Let Br(0) = {n € H*(R): ||n||g2 < R}, R > 0 given.

Assume that v > vy and 0 < pp < 1.
» The set D, of minimisers of H(n,&) subject to the constraint
Z(n,&) = 2u in the set Br(0) x H*l/z(R) is nonempty.
» The minimisers satisfy ||n|la < C'/? uniformly over D,,.
» Every minimising sequence {(n,&n)} in Br(0) X Hi/2(R)
converges (up to subsequences and translations) to an
element of D,,.

Function space for &:

HY2(R) = {u e H (R): o € HV2(R)}/R

lull a2 = 'l 172
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Corollary
The set D,, of minimisers is conditionally energetically stable.

Remarks:
> Better existence and stability results than for capillary-gravity
waves
» So far no global existence results under these conditions
» Local well-posedness: Ambrose & Siegel (to appear in PRSE)
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Proof of the theorem

Step 1. Reduction from phase space to configuration space

» Fix n and minimise H(n, ) subject to Z(n,&) = 2pu.
Unique minimiser:

f’r] = CnG(n)ilnx

» Minimise )
T() = (&) = 7o+ K0)
where .
£ =5 [ neGln) . da



Step 1.5. Periodic problem with large period
(HS CC H", s>r)



Step 1.5. Periodic problem with large period
(HS CC H", s>r)
Existence of a minimiser 7 € Br(0) \ {0} by standard arguments



Step 1.5. Periodic problem with large period
(HS CC H", s>r)

Existence of a minimiser 7 € Br(0) \ {0} by standard arguments
Problem: Have to show that ||n||2 < R!



Step 1.5. Periodic problem with large period
(HS CC H", s>r)

Existence of a minimiser 7 € Br(0) \ {0} by standard arguments
Problem: Have to show that ||n||2 < R!

» Coercivity estimate (in Bg(0))

Inll%. < CT(n)



Step 1.5. Periodic problem with large period
(HS CC H", s>r)

Existence of a minimiser 7 € Br(0) \ {0} by standard arguments
Problem: Have to show that ||n||2 < R!

» Coercivity estimate (in Bg(0))
Inl32 < CT ()
» For 0 < p < 1, 3 test function

ni(z) = psech(px) cos(kox)
— Ap? sech?(px) cos(2koz) — Bu? sech?(ux),

such that

J ) <2p
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Step 2. Concentration-compactness

Problem: The compact embedding fails on R!
It can fail in two ways (up to translations):

» Vanishing: Easy to rule out
» Dichotomy: This is the main difficulty

To rule out dichotomy, we show that

I(p) =inf{T(n): m € Br(O)}, 0<p<1,
is strictly subhomogeneous:

I(ap) <al(p), a>1

Implies strict subadditivity:

I(pa + p2) < I(pa) + I(p2)
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Problems:

» The operator K(n) = —0,G(n) 19, is non-local

» The nonlinearity in the equation is not a pure power
Solutions:

» First problem solved by showing that K(n) is ‘almost’ local

> The other problem is the interesting part
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Idea:

For the test function we find that
T () = 2cop + Inusp® + O(uh),
where Iy s < 0 is the ground state energy for NLS

We try to prove strict subhomogeneity by approximating with NLS

Problem: Are near minimisers similar to 7}?
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Properties of minimising sequences
Any minimising sequence satisfies
1T ()|l -2 = 0 and [[nall32 < Cpe

We use these properties to show that 7, has a form similar to n}
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Theorem
Mn = Mn,1 + Nn,2 + Nn,3 where:
> 7,1 has support near £ko and

Mt = pon(uz)e® + c.c.

with [|vg || < C
> 7,2 has support near 0, +2ky,
Nn,2 is an explicit quadratic expression in 1, 1, and

32 < Cp?

Hnn,Q

32 < Cp

H77n,3



Using the above estimates one can show that

T () = 2cop + InLsp® + o(p?),

so that I(u) is strictly subhomogeneous



Using the above estimates one can show that
T (1) = 2cop + Inusp® + o(p?),
so that I(u) is strictly subhomogeneous

Also yields convergence of v, to solution of NLS using compactness
of minimising sequences for the NLS variational problem
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Thank you for staying awake!



