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HAMILTONIAN SPECTRAL PROBLEMS

L@ Hamiltonian PDEs: linear operators of the form

m 7 skew-adjoint operator

m L self-adjoint operator

(B Question: find the unstable spectrum of



COUNT UNSTABLE EIGENVALUES

L Hamiltonian structure: linear operator of the form

m 7 skew-adjoint operator

m L self-adjoint operator

L@ Under suitable conditions:

‘“U(j[') < ng(L) ‘

® n,(J L) = number of unstable eigenvalues of JL

B ng(L) = number of negative eigenvalues of £

[well-known result, extensively used in stability problems ...]

[does not work very well for periodic waves ... ]



AN EXTENDED EIGENVALUE COUNT

L Hamiltonian structure: linear operator of the form

m 7 skew-adjoint operator

m L self-adjoint operator

LB There exists a self-adjoint operator IC such that

(TL)NITK) = (TR L))

L Under suitable conditions:

[nu(J£) < ny(K)]

® n,(J L) = number of unstable eigenvalues of JL

B ng(/C) = number of negative eigenvalues of 1C




STABILITY OF PERIODIC WAVES

[ classical result: allows to show (orbital) stability of periodic

waves with respect to co-periodic perturbations

'@ particular case ng(KC) = 0: used to show nonlinear (orbital)
stability of periodic waves with respect to subharmonic
perturbations (for the KdV and NLS equations)

[Deconinck, Kapitula, 2010; Gallay, Pelinovsky, 2015]




STABILITY OF PERIODIC WAVES

[ classical result: allows to show (orbital) stability of periodic

waves with respect to co-periodic perturbations

'@ particular case ng(KC) = 0: used to show nonlinear (orbital)
stability of periodic waves with respect to subharmonic
perturbations (for the KdV and NLS equations)

[Deconinck, Kapitula, 2010; Gallay, Pelinovsky, 2015]

L key step: construction of a nonnegative operator /C

B relies upon the existence of a higher order conserved functional

(due to integrability)



GENERAL RESULT



HYPOTHESES

'@ 7, L, K closed linear operators acting in a Hilbert space H

m 7 skew-adjoint operator with bounded inverse

m L, K self-adjoint operators

(TLNTK)u = (TK)TL)u, YueD

B the nonpositive spectrum o5()C) U o(KC) consists of a finite
number of isolated eigenvalues with finite multiplicities
® the unstable spectrum o, (J L) consists of isolated

eigenvalues with finite algebraic multiplicities




MAIN RESULT

LB The number n,(J L) of unstable eigenvalues of the operator
J L and the number ng(IC) of nonpositive eigenvalues of the

self-adjoint operator IC satisfy

0,(T£) < nee(K). |




MAIN RESULT

LB The number n,(J L) of unstable eigenvalues of the operator
J L and the number ng(IC) of nonpositive eigenvalues of the

self-adjoint operator IC satisfy

0,(T£) < nec(K). |

"M If, in addition, ker(KC) C ker(J L), then

(n,(J£) < ng(K). |




COROLLARY

Assume that KC is a nonnegative operator.

a0, (TL) < ne(K)|

"W If, in addition, ker(KC) C ker(J L), then

i.e., the spectrum of J L is purely imaginary.




Proor

Ll X and o isolated eigenvalues of J L, spectral subspaces Ey and E,

((A+7)(Ku,v) =0, VucEy, veE,]

m E, unstable spectral subspace of JL

‘(KZu,u):O, VuceE,




Proor

Ll X and o isolated eigenvalues of J L, spectral subspaces Ey and E,

((A+7)(Ku,v) =0, VucEy, veE,]

m E, unstable spectral subspace of JL

| (ICu,u) =0, Vu€cE,

L spectral decomposition of the Hilbert space H

H=F,.®F,, a’(Kl‘Fsc) = 05 (X), a’(KZ|Fu) = o,(K)

B spectral projector Psc| : E, — Fg | is injective

E,

\dim(Eu) = ny(JL) < dim(Fy) = nsc(ic)\




Proor

Ll X and o isolated eigenvalues of J L, spectral subspaces Ey and E,

((A+7)(Ku,v) =0, VucEy, veE,]

m E, unstable spectral subspace of JL

| (ICu,u) =0, Vu€cE,

i ker(KC) C ker(J L): spectral decomposition

H=F; & F.,, a’(Kl‘Fs) = o04(K), U(K:|Fc.,) = ow(K)

B spectral projector PS’E

: E, — Fg|is injective

‘dmﬂh)=ndjﬁh§&mwg=n4K”




APPLICATION



KP-II EQUATION

[ Kadomtsev-Petviashivili equation

(ut + 6uu, + l-‘xxx)x + uyy = 0

® model equation for water waves (small surface tension)

B two-dimensional extension of the KdV equation

‘ut+6uux+uxxx=0‘

(B Question: transverse stability of one-dimensional periodic
traveling waves (spectral, linear, nonlinear)

m the classical counting criterion does not allow to fully

understand transverse stability for periodic waves



1D PERIODIC TRAVELING WAVES

L one-parameter family of one-dimensional periodic

traveling waves (up to symmetries)

u(x,t) = pe(x +ct) |

m speed c > 1
m 27-periodic, even profile ¢ satisfying the KdV equation

v’ (x) + cv(x) + 3v3(x) = 0

®m known explicitly!



LINEARIZED EQUATION

"M linearized KP-11 equation

(Wt + Wyxx + cwy + ﬁ(d)c(X)W)x)x +wy = 0

m 27-periodic coefficients in x

® Ansatz

w(xy,t) =eXPW(x), XeC, peR

"M linearized equation for W(x)

AW, 4+ Wox + c Wy + 6(¢C(X)W)xx - p2W =0




SPECTRAL STABILITY PROBLEM

L linearized equation for W(x)

AW, + Woox + Wi + 6(¢c(x)w)xx - p2W =0

L the periodic wave ¢, is spectrally stable iff the linear

operator

Acp(A) = A0y + 8¢ + ¢ + 65 (¢c(x) ) — p°

is invertible for Re A > 0.
m 2D bounded perturbations: space C,(R) and p € R.

B continuous spectrum ...



FLOQUET/BLOCH DECOMPOSITION

" A p(N) is invertible in Cy(R) iff the operators

[ Acp(07) = A3 + i) + (B + )" + c(Bs + 1) + 6(8s + )X (6e() ) — p°

are invertible in L2_ (0, 27), for any v € [0, 1).

per

m |~y € (0,1) | study the spectrum of the operator

‘Bc,p('v) = —(0x + i7)* — c(Bx + i) — 6(Bx + i) (Pc(x) -) + P*(Bx + i7) !

] : restrict to functions with zero mean




COUNTING CRITERION

L apply the counting criterion to
[Bep(7) = T()Lep()]

m skew-adjoint operator ’ T() = (6« +iv) ‘

m self-adjoint operator

Lep(v) = =8 +17)° — ¢ = 66c(x) +p*(9 +17)~°

" construct positive commuting operators | K¢ p(7)

m find commuting operators M. ()
B show that suitable linear combination of M. () and

Lcp(7) is a positive operator



COMMUTING OPERATORS

@ natural candidate: use a higher-order conserved functional

m resulting operator satisfies the commutativity relation

B cannot obtain positive operators ...




COMMUTING OPERATORS

@ natural candidate: use a higher-order conserved functional

m resulting operator satisfies the commutativity relation

B cannot obtain positive operators ...

‘& second option: use the operators from the KdV equation
m p = 0 corresponds to the KdV equation
B decompose:

Lcp = Lxav + P’ Lxp, Mcp = Mxkav + p>Mxkp

B Mggqv is obtained from a higher order conserved functional:

Miav = 82 + 100,pc(x)9x — 10cepc(x) — c?

®m compute Mxgp directly from the commutativity relation:

5
Myp = 3 (1+4ca?)




MAIN RESULT

B Transverse spectral stability of periodic waves (with
respect to bounded perturbations):

B there exist constants b such that the operators
’Kc,p,b(fy) = Mcp(7) — bLcp(v) ‘ are positivel

B the commutativity relation holds

B the general counting criterion implies that the spectra of

[Beo() = T(7)Lep(7) | are purely imaginary

lexcept for p = v = 0 when the operator is nonnegative with 1D kernel
(spanned by the derivative of the wave)



TRANSVERSE LINEAR STABILITY

A linearized problem

m [Be=JTLc)|T =8, Lo= 82— c—6pcx) - 028

m 3. acts in LZ(N, p) (the space of locally square-integrable

functions on R? which are 27 N-periodic and have zero mean in

x, and are 2w /p-periodic in y)




TRANSVERSE LINEAR STABILITY

" linearized problem

m [Be=JTLc)|T =8, Lo= 82— c—6pcx) - 028

m 3. acts in LZ(N, p) (the space of locally square-integrable

functions on R? which are 27 N-periodic and have zero mean in

x, and are 2w /p-periodic in y)

L linear operator

[Ke = Mc — bL |

® nonnegative operator with point spectrum and 1D kernel
(spanned by the derivative of the periodic wave)

® the operators JK. and J L. commute



TRANSVERSE LINEAR STABILITY

F Lyapunov functional ’w — (Kew, w) ‘

d
L] E(ch(t),w(t)) = 0 (from commutativity)

m (Kcw,w) > c|lw||?, when {w, 8,¢.) = 0 (from positivity)

F implies transverse linear stability of the periodic waves

(with respect to doubly periodic perturbations)




TRANSVERSE NONLINEAR STABILITY

L Open problem ...

m the nonnegative linear operator IC. is not the Hessian operator
of some conserved higher-order energy functional of the KP-I1

equation . ..

B find a conserved higher-order energy functional of the KP-II
equation for which the Hessian operator (at the periodic wave)

is nonnegative?
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