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Classical Isoperimetric Problem

Enclose given volume with minimum perimeter ]
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Isoperimetric Region and Isoperimetric inequality

Enclose given volume with minimum perimeter ]
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Isoperimetric Region and Isoperimetric inequality

Enclose given volume with minimum perimeter ]
Minimize P (€2) among measurable sets 2 ¢ RY such that
0<V(Q)=m< +0o0

P(Q) > P(Q) ]

* ball such that V(Q2) = m
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Isoperimetric Region and Isoperimetric inequality

Enclose given volume with minimum perimeter ]
Minimize P (€2) among measurable sets 2 ¢ RY such that
0<V(Q)=m< +0o0
P(Q) > P(Q) ]
P() P()
N-1 N-1

O*ballsuchthat V() =m V ~ ()  V ~ (@)
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Isoperimetric Region and Isoperimetric inequality

Enclose given volume with minimum perimeter ]
Minimize P (€2) among measurable sets 2 ¢ RY such that
0<V(Q)=m< +0o0
P(Q) > P(') ]
P(Q) P(Q) 1
N-1 N-1 _ ijj\/'v

O*ballsuchthat V() =m V ~ ()  V ~ (@)
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Weighted |Isoperimetric Problem

DENSITY W is a positive continuous function
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Weighted |Isoperimetric Problem

DENSITY W is a positive continuous function

dPg = ¥dH" ! dVy = ¥dx
P\I;(Q) = / \I’(LE) HNfl(d:E) V\I;(Q) = /Q\I!(a:) dx
o0
Weighted Perimeter Weighted Volume
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Weighted |Isoperimetric Problem

DENSITY W is a positive continuous function

dPg = ¥dH" ! dVy = ¥dx
P\I;(Q) = /a \I’(LE) HNfl(d:E) V\I;(Q) = /Q\I!(a:) dx
9]
Weighted Perimeter Weighted Volume

Enclose given weighted volume with weighted minimum perimeter J
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Weighted |Isoperimetric Problem

DENSITY W is a positive continuous function

dPg = ¥dH" ! dVy = ¥dx
P\I;(Q) = / \I’(LE) HNfl(d:L‘) V\I;(Q) = /Q\I!(a:) dx
o0
Weighted Perimeter Weighted Volume

Enclose given weighted volume with weighted minimum perimeter J

Minimize P () among all smooth sets 2 ¢ RY such that
0<Vg(2)=m < 400
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Weighted |Isoperimetric Problem

DENSITY W is a positive continuous function

dPg = ¥dH" ! dVy = ¥dx
P\I;(Q) = / \I’(:U) HNfl(d:L‘) V\I;(Q) = /Q\I/(a:) dx
o0
Weighted Perimeter Weighted Volume

Enclose given weighted volume with weighted minimum perimeter J

Minimize P () among all smooth sets 2 ¢ RY such that
0<Vg(2)=m < 400

Look for Q2* such that

Py (22) > Py (%)
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Examples of Weighted Isoperimetric Problem

dPy = &dH !, dVyg = ¥dx
Pg(Q) > Pg(Q)

Q=77

GAUSSIAN DENSITY

U(z) = (2m) N 2exp(—|z[?/2)
Sudakov, Tsirel’son, Borell, 1975
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U(z) = (QW)*N/Qexp(—\x]2/2) Hyperplane
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Examples of Weighted Isoperimetric Problem

dPg = ¥dH* !, dVg = ¥dx
Py (Q) > Py ()

Q" is an hyperplane

GAUSSIAN DENSITY Q
U(z) = (QW)*N/Qexp(—\x]2/2) Hyperplane

Sudakov, Tsirel'son, Borell, 1975 C)
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Examples of Weighted Isoperimetric Problem

dPg = ¥dH" !, dVyg = Tdx
Py () > Py (")

Q=77

LOG-CONVEX DENSITY
U(z) = exp(f(|x])

f positive, smooth, convex
Chambers, 2013
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Examples of Weighted Isoperimetric Problem

dPg = ¥dH" !, dVyg = Tdx
Py () > Py (")

Q" is a ball centered in the origin

LOG-CONVEX DENSITY
U(z) = exp(f(|])

f positive, smooth, convex <>

Chambers, 2013
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Examples of Weighted Isoperimetric Problem

dPg = ¥dH" !, dVyg = Tdx
Py () > Py (")

Q" is a ball centered in the origin

LOG-CONVEX DENSITY
U(z) = exp(f(|])

f positive, smooth, convex <>

Chambers, 2013

Borel, 1984
Bayle, Canete, Morgan, Rosales, 2008
Brock, M., Posteraro, 2013
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Examples of Weighted Isoperimetric Problem

dPg = ¥dH" !, dVyg = Tdx
Py () > Py (")

Q=77

RADIAL DENSITY
V(z) = |=[*,

a>0
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Examples of Weighted Isoperimetric Problem

dPg = ¥dH* !, dVg = ¥dx
Py (Q2) > Py ()

Q" is a ball through the origin

RADIAL DENSITY

V(z) = ||, Q

a>0
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Examples of Weighted Isoperimetric Problem

dPg = ¥dH* !, dVg = ¥dx
Py (Q2) > Py ()

Q" is a ball through the origin

RADIAL DENSITY

a>0

V(z) = ||, Q

J. Dahlberg, A. Dubbs, E. Newkirk, H. Tran, 2010
W. Boyer, B. Brown, G. Chambers, A. Loving, S. Tammen, 2015
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Weighted |Isoperimetric Problem

with different densities

Minimize P1.(Q2) among all smooth sets 2 ¢ RN such that
Vo(2) =m
Pu(e) = [ laf* Hyoa(de). Va() = [ x"ds
o0 Q
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Weighted |Isoperimetric Problem

with different densities

Minimize P1.(Q2) among all smooth sets 2 ¢ RN such that
Vo(2) =m
Py (€2) :/ \z|F Hy_1(dx), V.() :/ 1x|* dx
o0 Q

Q* is a ball centered in the
origin

Find k,«

such that the minimum
weighted perimeter

is attained for Q*
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How to formulate the Weighted Isoperimetric

Inequality

dP, = |z|FdH™ 1, dVy = |z|%dx
Q smooth set such that V,,(2) = m

Pi(Q) > Pi() J
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How to formulate the Weighted Isoperimetric

Inequality

dP, = |z|FdH™ 1, dVy = |z|%dx
Q smooth set such that V,,(2) = m

Pi(Q) > Pi() J

Py(2) S P(92%)

R,a() == (VQ(Q»(k-f—N—l)/(a-&-N) = (VQ(Q*))(k+N—1)/(a+N)
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How to formulate the Weighted Isoperimetric

Inequality

dP, = |z|FdH™ 1, dVy = |z|%dx
Q smooth set such that V,,(2) = m

Pi(Q) > P(2") J

() . P(e)

— *
(Vi () EFN=D/(FN) = (17 () (BN =D/t N) — &

Ria(2) =
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How to formulate the Weighted Isoperimetric

Inequality

dP, = |z|FdH™ 1, dVy = |z|%dx
Q smooth set such that V,,(2) = m

Pi(Q) > P(2") J

() . P(e)

— *
(Vi () EFN=D/(FN) = (17 () (BN =D/t N) — &

Ria(2) =

P.()
inf k(6)

C
Q (VQ(Q))(k‘-i-N—l)/(a-i-N)
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How to formulate the Weighted Isoperimetric

Inequality

dP, = |z|FdH™ 1, dVy = |z|%dx
Q smooth set such that V,,(2) = m

Pi(Q) > P(2") J

() . P(e)

— *
(Vi () EFN=D/(FN) = (17 () (BN =D/t N) — &

Ria(2) =

P.()
inf k(6)

=(C =C".
Q (VQ(Q))(k‘-i-N—l)/(a-i-N)
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Qur aim

@ We look for values of £ and «, such that

/ lz|* Hy_1(dz) > C* </ |z|* dx
o0 Q

for all smooth sets Q in RY, where

)

) (k+N—-1)/(a+N)

C* — (NwN)(a—k+1)/(a+N) . (a + N)(k-i-N—l)/(a-i-N).

@ Equality holds for every ball centered at the origin.
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Some references

a=0,k>1, dP,=|z|FdH" ", dV, = |x|%dx

Pk(Q):/aQ|m|de”1(dx) sz(Q*):/m* |z|* dH™ 1 (dx)

for all smooth sets Q in RY such that 0 < V5(Q) = 15(2*) < +o00
- Betta, Brock, M., Posteraro, 1999
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Some references

N>l,a<k—-1l,a>-N dP,=|z|F"dH" ", dV, = |z|dz

P(Q) > P ()
for all smooth sets © in RV such that 0 < V,(Q) < 400
-Howe, 2015
-A. Diaz, N. Harman, S. Howe, D. Thompson, 2012 (case N =2)

A. Mercaldo
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Some references

N>2k—1<aandafF <k <0
dPy, = |z|*aH" 1, dV, = |z|dz

Pp(2) > P(Y%)
for all smooth sets Q2 in RY such that 0 < V,,(Q) < +oc0
- N. Chiba, T. Horiuchi, 2015
- A. Diaz, N. Harman, S. Howe, D. Thompson, 2012 (case N = 2)




Further references

- G. Csato, 2015
N=2,a=0,0<k<1

- V. Maz’ja, 2003
a<0,k=0
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A necessary condition for existence of minimizers

. P(Q)
inf =C>0
Q (VQ(Q))(’C+N—1)/(O¢+N)
(8
<
a< N 1k ,

Alvino, Brock, Chiacchio, M., Posteraro, 2016
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A necessary condition for existence of minimizers

. P(Q)
inf =C>0
Q (VQ(Q))(’C+N—1)/(O¢+N)
(8
<
a< N 1k ,

Alvino, Brock, Chiacchio, M., Posteraro, 2016
Assume te; = (¢,0,...,0) and a > 25k

Py(Bi(ter)) t*
Ri.o(Bi(te1)) = <D ’
el e )) = e 0T = P o)
[}

tEIEORkﬂa(Bl(tel)) =0.
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A necessary condition for radially of minimizers

c=C”
I

N -1

<k—14———°
ask—l+—N 7

Alvino, Brock, Chiacchio, M., Posteraro, 2016
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Weighted |soperimetric Inequality: Main results

@ N >3,

1 1 (N —1)?
a+N " k+N-1 N(k+N-1)3

(k+N-1)/(a+N)
/ z|* Hy_1(dz) > C* </ |z|* d:z:) ,
o0 Q

for all smooth sets Q in RY, where

0<k-1<aq,

C* = (NWN)(a—kJrl)/(aJrN) (o + N)(k-l-N—l)/(a—i-N)'
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Weighted |soperimetric Inequality: Main results

@ N >3,

1 1 (N —1)?
a+N " k+N-1 N(k+N-1)3

(k+N-1)/(a+N)
/ z|* Hy_1(dz) > C* </ |z|* d:z:) ,
o0 JQ

for all smooth sets Q in RY, where

0<k-1<aq,

C* := (Nwy) @ HD/(@+N) (o 4 N)FFN=D/(a+N),

@ Equality holds for every ball centered at the origin.
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Weighted |soperimetric Inequality: Main results

@ N >3,

1 1 (N —1)?
a+N " k+N-1 N(k+N-1)3

0<k-1<aq,

)

(k+N—1)/(a+N)
/ z|* Hy_1(dz) > C* < |z|* d:z:)

o0 JQ
for all smooth sets Q in R, where

L (a—k+1)/(a+N) | N (k:-l—N—l)/(a-i—N)'
c*: (NCL)N) (Oé + )

@ Equality holds for every ball centered at the origin.

@ For certain values of k and «, if equality holds, 2 is a ball centered
at the origin.

Alvino, Brock, Chiacchio, M., Posteraro, 2016
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Weighted |soperimetric Inequality: Main results

e N =2, 0<k—-1<a, and

1 1 16
> _
a+2 " k+1 27(k+1)3

(k4+1)/(a+2)
/ \z|¥ Hy_1(dz) > C* (/ |J:°‘d:c> ,
Joo Jo

for all smooth sets Q in R2, where

eithera <0< k< < k and

C* — (27[_)(a—k+1)/(a+2) . (a + 2)(k+1)/(o¢+2)'

@ Equality holds for every ball centered at the origin.

@ For certain values of k& and «, if equality holds, 2 is a ball centered
at the origin.

Alvino, Brock, Chiacchio, M., Posteraro, 2016
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Weighted |soperimetric Inequality: values of £ and «

AP, = |z[*dH""Y,  dV, = |z[%d N >3,

k =-N+1

@)
I
Q
*
T\
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Classical Polya-Szeg6 Principle

/ |Vul? davz/ |Vu*|P de, uEWOI’p(RN)
RN RN

where
p € [1,400),
u* be the Schwarz symmetrization of w.
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Schwarz symmetrization of u

u u# spherically decreasing rearrangement
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Applications: Polya-Szeg6 Principle

APy = |z|*dH" ", dV, = |z|*dx

Weighted isoperimetric inequality with  k=a a =0

4

/ |vu|P\xyapdxz/ VP o] dz,  ue CRRY)
RN RN

where
p € [l,40),a >0,
u* be the Schwarz symmetrization of w.

Alvino, Brock, Chiacchio, M. Posteraro, 2016
Talenti, 1993,.........
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Applications: Best Constants

in some Caffarelli-Kohn-Nirenberg inequalities

@ CKN - inequalities

P
(/ |vq|x|qu:c>q s g/ Vol |2 d, v € C5°(RN)\ {0}
RN RN

Let p, ¢, a, b be real numbers such that

Np :
< P
1<p<qq — N !fp<N,
<40 ifp>N
N
a>1-—, and
p

-Caffarelli, Kohn, Nirenberg, 1984, - Catrina, Wang, 2001
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Best Constants

in some Caffarelli-Kohn-Nirenberg inequalities

/ ]| VolP da
RN

p/q
( / |xrbq\vrqu)
RN

E(v) := . ve CRRM)\ {0},
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Best Constants

in some Caffarelli-Kohn-Nirenberg inequalities

/ ]| VolP da
RN

p/q
( / |xrbq\vrqu)
RN

S :=inf{E(v): ve CCMRN)\ {0}},

E(v) := . ve CRRM)\ {0},
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Best Constants

in some Caffarelli-Kohn-Nirenberg inequalities

/ ]| VolP da
RN

p/q
( / |xrbq\vrqu)
RN

S :=inf{E(v): ve CCMRN)\ {0}},

E(v) := . ve CRRM)\ {0},

S* = inf{E(v) : ve CMRN)\ {0}, v radial }.
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Best Constants

in some Caffarelli-Kohn-Nirenberg inequalities

/ ]| VolP da
RN

p/q
( / |xrbq\vrqu)
RN

S :=inf{E(v): ve CCMRN)\ {0}},

E(v) := . ve CRRM)\ {0},

S* = inf{E(v) : ve CMRN)\ {0}, v radial }.

S < S5* )
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S =5

@ Hardy - Sobolev inequality, that is p = ¢,

s/ ]v]p|x]bpdx§/ Vol? 2] da.
RN RN

and

Hardy, 1919
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S =5

@ Hardy - Sobolev inequality, that is p = ¢,

s/ ]v]p]x]bpdxg/ Vol? 2] da.
RN RN

and

Hardy, 1919
@ 1<p<N,q=p*a<0,

Horiouchi-Kumlin, 2012
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Problem
Assume

N>2and 1<p<gqg<p*

Find (a, b) such that
S =5*
or
S < 5*

A. Mercaldo Weighted Isoperimetric inequalities July 11 - 15, 2016



Dalbeaux, Esteban, Loss, 2015 (p = 2, N > 3)

a=1-N/2
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ap = ao(p,q, N) as the unique number in (1 - %, +oo) such that

N _ 2 _ (N-1)?
(p 1+a0> _N(%—%)-(l—%—kq)g

sz(%—%)—i—a—l

a < ag

I

S = §* J

- Alvino, Brock, Chiacchio,Posteraro, 2016
- Felli, Schneider, 2003
- Caldiroli, Musina, 2013.
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Idea of the proof

Polya-SZego principle

J
/ |z|*P|VulP dx / |z|*P|Vo*|P dx
o RN *\ . RN
E(v) = p/q = E(v7) = p/q
([, tatoloac) ([, tatiioac)
RN RN
a2
S > S5* J
a3
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An eigenvalue problem: sharp lower bound

The eigenvalue problem

—div(|VulP~2Vu) = Nz|P|ulP~2u in Q
u=70 on 99

where Q is a bounded domaininRY, 1 <p< Nand0< 3 < 1.

A1(Q) = min 0 e WP(Q)\ {0}

Sharp lower bound for A;(2)

A(€) = A (€)
(O is the ball with center in the origin s.t. V_3,(Q) = V_3,(Q2")
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Weighted Isoperimetric Inequalities: main tools

e there exists a sequence {u,} C C5°(RY) \ {0} such that

lim |2[¥| V| de = / lz|¥ Hy_1(dz) = Py(Q),
RN o0

n—oo

lim [ (] @V GEN D) g / [ da = V().
RN Q

s
U
oS (Va(Q))(ilj—(J\gfz—)l)/(a—i—N) =
/ [F| V| da
= " FEN-D/GHN)
< (/RN ISUMICEVCERE d:c)
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Weighted Isoperimetric Inequalities: main tools

e there exists a sequence {u,} C C5°(RY) \ {0} such that

lim |2[¥| V| de = / lz|¥ Hy_1(dz) = Py(Q),
RN o0

n—oo

lim [ (] @V GEN D) g / [ da = V().
RN Q

n—oo
4
: Pe(2)
C = inf =
Q (Va(Q))(k‘-l-N—l)/(Oé-i—N)
/ l[F| V| da
. f RN
- ulélcé (k+N—1)/(a+N) "
</ |$|a|u|(a+N)/(k+N—1) dl’)
RN
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Weighted Isoperimetric Inequalities: main tools

/ 2]F |V da
]RN

</ |x’ |u| (I+N)/(k+N-1) dx
RN

. k+N-—1
@ Change of variables z := |y| =r ~¥-1 |

@ Interpolation argument

e [Vov]? (N —1)?
/ 2|V, u]dsc—/N 1/ \/ 5> (k:+N—1)2dZd9'

and
+o0o 2
t —s log (/ / v2+t‘wv‘ dz de)
#N-1 Jo Z

is concave.

>(k+N—1)/(l+N) '
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Weighted Isoperimetric Inequalities: main tools

Rt N—1)2

A 1-A
oy (fma) ()

N—l k+N-—-1

I(N—-1)—kN I+N I+N
’y‘ FAN—-1 Qk+N-1 dy
RN

@ Forevery A € [0, ((N;l)?}

QN (u) > (

@ Starshaped symmetrization
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