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Introduction: Cotorsion pair

& exact category

— In this talk, any ‘subcategory” is
always assumed to be full, additive,

: - : losed by isomorphisms.

(U, V): cotorsion pair / ¢ Y

<de> (0) U,V C &: subcategories closed by direct summands
(1) Exte(U,V) =0
(2) VX € & “exact sequences

0—->X—>Vxy -Ux —0 (UX,UXEM,)
0 VX 5UX 5 X =0 Vx,V* eV

® & has enough projectives, (U,V) = (Proj(&), &)
@ & has enough injectives, (U,V) = (&, Inj(&))



Introduction: Cotorsion pair

. triangulated category

(U, V): cotorsion pair
<’dff> (0) U,V C 7: subcategories closed by direct summands
(1) Ext, (U, V) (= T U, V[1])) =0
(2) VX € 7, Zdistinguished triangle
X > Vx = Ux = X[1] Ux elU,Vx €V)

(U, V):cotorsion pair < (U, V[1]): torsion pair
in the sense of [[yama & Yoshino ’08]



Introduction: Cotorsion pair

. triangulated category

(U, V): cotorsion pair
<de> (0) U,V C 7: subcategories closed by direct summands
(1) Exty (U, V) (= 77U, V[1])) =0
(2) VX € 7, Zdistinguished triangle
X > Vxy - Ux = X[1] (Ux e, Vx €V)
O U cuU <= U-1L,V[)) = (@#=°,¢2Y) : t-structure
[Beilinson-Bernstein-Deligne ’82]
() U=V <= U(=V)CE: cluster-tilting subcat.

[Keller-Reiten '07], [Koenig-Zhu ’08]
() U[-1]CU <= (U,V) : co-t-structure [Pauksztello '08]



Introduction: Cotorsion pair

& exact category

(U, V): cotorsion pair

<

def
(0) U,V C &: closed by
direct summands

(1) Extx(U,V) =0
(2) VX € &, “exact sequences

0—=X—=>Vx -Ux —0
0= VX 5UX - X =0

Ux, U eld,
Vx,VX eV

. triangulated category

(U,V): cotorsion pair
<

def

0) U,V C Z: closed by
direct summands

(1) Ext» (U, V) =0
(2) "X € .7, “dist. A

X—>VX—>Ux—>X[1]

(Ux eU,Vx € V)



Introduction : Use of Ext!

o Cotorsion pair (CP)

t :
.+« defined on { categories

triangulated
by using Ext'

Can we formalize CPs on
an (additive category + “Ext-functor” + a) ?

Question 1



Introduction : Use of Ext!

e In exact category &, equivalence class of

exact sequence (= conflation)

§ € Exty(C, A)

A—=B-5C TN
In triangulated category .7, \ /

= Extly((j A) completed to a dist.A

’ N> x )

= 7(C, A[l]) ALy B L 0L,
A% B L)

@ Use of Ext'-functor is also important in relative homological algebra.

Can we start from “Ext-functor”,

uestion 2 _ ;
Q instead of sequence/triangle ?



Introduction : Use of Ext!

Can we formalize CPs on

Question 1
an (additive category + “Ext-functor” + a) ?
Question 2 Can we start from “Ext-functor”,
instead of sequence/triangle ?
Our viewpoint :

> Ext'lsthe “‘body” of exact structure or triangulation

B equivalence classes of segquences
" o . ” 1
= “realization” of Ext

~ = Formulation by
t D S

additive biadditive  realization
category functor of E

(later)




Introduction : Use of Ext!

Can we formalize CPs on
an (additive category + “Ext-functor” + a) ?

Question 1

Can we start from “Ext-functor”,

uestion 2 _ _
Q instead of sequence/triangle ?

Formulation by

€ L 5

additive biadditive  realization
category functor of E
@ Both { exact categories can be dealt with.
— triangulated

@ (CPs can be defined.
‘extension-closed’ sub.

@ Closed by taking {

~——

some ideal quotient



Introduction : Use of Ext!

Today

®  FExtriangulated category (%, K, s)

@ (Cotorsion pairs
o Pairs of CPs <+— model structures

o Reduction & mutation of CPs



Extrianqgulated category

(¢, s)



Extriangulated category

additive
category

Extriangulated

“Ext!-functor” realization

» exact category (Wlth small )

Ext'- groups

» triangulated category

® extension-closed subcategory
of a triangulated category



Extriangulated category

Externally triangulated

® extension-closed subcategory
of a triangulated category



Extriangulated category

Exact triangulated

o exact category (Wlth small )

Ext'- groups

o triangulated category



Extriangulated category

additive @ functor”
category

Ext'- triangulated



Extriangulated category

additive
category

Ext'- triangulated

“Ext!-functor” realization

(¢, E,s): extriangulated category

<= % : additive category,

def
with the following (ET1),(ET2),(ET3),(ET4),

(ET3)°P,(ET4)°P



Extriangulated category (¢, E, s
<= ¢: additive category with (ETl),(ET2),(ETS),(ET4),(ETB)OP,(ET4)

(ET1) E:¥€°P x ¢ — Ab is a biadditive functor



Extriangulated category (¢, E, s

¢ . additive category
(ET1) E:%€°° x 4 — Ab is a biadditive functor

0 € E(C, A) is called an E-extension.
(Also denoted by 4d¢)

(a,c): A0c — a0 is a morphism of E-extensions

<= E(C,a)(d) = E(c, A")(")

def



Extriangulated category (¢, E, s

¢ . additive category
(ET1) E:%€°° x 4 — Ab is a biadditive functor

0 € E(C, A) is called an E-extension.
(Also denoted by 4d¢)

(a,c): A0c — a0 is a morphism of E-extensions

<’d;d> a0 = c*o’
(A « *
E(C,A) — EC,A") «— E'", A"



Extriangulated category (¢, E, s

¢ . additive category
(ET1) E:%€°° x 4 — Ab is a biadditive functor

A,Ce?

Sequences A %5 B Y5 C and A = B' L5 C are equivalent

< z X
def
O b

BI
Equivalence class is denoted by [4 -5 B % ().

Definition

5 : to each E-extension ¢ € E(C, A),

associates 5(8) = [4A — B - C].



Extriangulated category (¢, E, s

¢ . additive category
(ET1) E:%€°° x 4 — Ab is a biadditive functor

(ET2) s is an additive realization of E

5 is a realization of E
ﬁ Ymorphism (a,c): a0c — A/,
s(0) = [A -5 B -5 C), s(8) = [A' =5 B 5 ¢,

T Yy

5 : to each E-extension ¢ € E(C, A),

associates 5(8) = [4A — B - C].



Extriangulated category (¢, E, s

¢ . additive category
(ET1) E:%€°° x 4 — Ab is a biadditive functor

(ET2) s is an additive realization of E

5 is a realization of E
ﬁ Ymorphism (a,c): a0c — A/,
s(0) = [A -5 B -5 C), s(8) = [A' =5 B 5 ¢,

T Yy

A B C

l @abl 0 l

Al —> B'—> ("

S is additive
1
<> 0 5(400) = [AMMI@CMC]

def

o s0ed)=[Ae A" BaB Y oo



Extriangulated category (¢, E, s

¢ . additive category
(ET1) E:%€°° x 4 — Ab is a biadditive functor

(ET2) s is an additive realization of E

analog of (TR3)

(ET3) ---

5(6) =[A 5 B (], s(6) =

Y

A—=B C
al O lb #
AI ’ BI ’ Cl

€T Y

(ET3)°? Dually,

4= B ),

Y

A—>B C
al O lb O lac
AI , Bl ’ Cl

z y
such that (a,c¢): 6 — ¢’ is a morphism.

Y

A—>RB C
oo
Al ,B' ,C'

x y
such that (a,¢): 6 — ¢’ is a morphism.




Extriangulated category (¢, E, s

¢ . additive category
(ET1) E:%€°° x 4 — Ab is a biadditive functor

(ET2) s is an additive realization of E
(ET3),(ET3)°P --- analog of (TR3) and its dual

If (¢,E,s) satisfies (ET1) and (ET2),
TFAE:
(1) (%, E,s) satisfies (ET3) and (ET3)°P

obtained by
Yoneda Lemma

(2) For any s(8) = [A — B - (],
€(—, A) 5 €(—,B) &5 €(—,C) ~H E(—, A) =5 E(—, B)
€(C,—) 3 4(B,-) =3 %(A,-) LS E(C,-) L5 B(B, -)

arce exact.




Extriangulated category (¢, E, s

¢ . additive category
(ET1) E:%€°° x 4 — Ab is a biadditive functor

(ET2) s is an additive realization of E
(ET3),(ET3)°P --- analog of (TR3) and its dual

(ET4) --- analog of (TR4)
s(0) =[4 L B D), s(8") = [B 2 09>F]
= Fge@, oL, s(0") = [A 25 o I g

A B D satisfying
H O 9] O | (i) s(f.8")=[D -% E -5 F]
Y Y
gof:h C % E (11) d*(S” — 6
! Y - vae (iii) f:0" = e*d’




Extriangulated category (¢, E, s

(ET4) --. analog of (TR4)
s =[4-L B D s(e)=[B-L 0L F
— 3pecw, 3 s(0") =[4 25 ¢ M g

f I 0 o ] .
A B D ---=>A11] gatisfying
|| O g O ey NG ((1) 5(}‘15') — [D i} E -5 F]\
Y Y N1
A= ¢ T --=>A[1] (ii) d*0" =9
g’ O e O F11] (iii) F.8! = e*§’
\’ Y v \ R y,
F —— F - = :{ ->_r) ’-
! ! v Correspond to -
0'v ¢y fud \ g
v v (When Z is triangulated )

(ET4)°P = dual of (ET4)



Extriangulated category (¢, E, s

¢ . additive category
(ET1) E:%€°° x 4 — Ab is a biadditive functor

(ET2) s is an additive realization of E
(ET3),(ET3)°P --- analog of (TR3) and its dual

(ET4) --- analog of (TR4)
s =[4-L B D s(8)=[B-L L F
= 2Ee%, 38, s(6") =[A 2L o 2 g

a—Leop-top satistying
| o o |- () s(f10) =[D % B~ F]
A O (i) d*6” =6

g O e

p——p (ili) f.0" = e*¢'

(ET4)°P = dual of (ET4)



Extriangulated category (¢, E, s

¢: additive category

(Cg, E,s) is an extriangulated category

) E:€°° x % — Ab is a biadditive functor

) s is an additive realization of E
ET3),(ET3)°P - .- analog of (TR3) and its dual
ET4),(ET4)° - .. analog of (TR4) and its dual

o exact category (Wlth small )

Ext'- groups

» triangulated category

We import terminology from exact/triangulated categories.



Terminology in an ex-/A category

We import terminology from exact/triangulated categories.
(%, E,s) : ex-A\ category
A sequence A — B - C' is a conflation

<> “udc st 5(8) =[A4 5% B -%C]
S ¢ (0) [/9 Q{ J Cone(x)

We call: inflation deflation
CoCone(y)

A tull subcategory D C € (closed by isomorphisms)

1s extension-closed
<= Yeonflation A = B - ¢, A,C € D implies B € D

def

P i pjetive < B(P,-) =0 (Proj(#)C %
def

@

¢ has enough projectives <= YO € ¢, 7 deflation P — C
det

Dually for injectives.



Sub. & quotient

(%,E,5) : ex-A

(1) If D C % is extension-closed,

= D has an ex-/\ structure.

(2) If Z C € is full additive and Z C Proj(%’) N Inj(%),

= % /1 has an ex-A structure.
i.e., has enough inj.& proj.,)

(¢, E,s) : Frobenius{eg;g( Proj(%) = Inj(%)
= For 7 = Proj(¥¢’) = Inj(¥),
¢ /1 : triangulated

@ [Happel '88| for exact category

@ [Iyama & Yoshino ’08] mutation pair on triangulated category



Characterization of exact/triangulated category

If ¢ additive category, [1]: € — % automorphism,
then for E = € (—, —[1]), TFAE:
(1) € is triangulated, with shift [1].
(2) (¢,E,7s) : ex-A.

(€. E.5): ex-A

(1) ¥ is exact
& any inflation is monomorphic,

and any deflation is epimorphic.

(2) ¥ is triangulated
& ¢ is Frobenius, and Proj(%) = Inj(¢) = 0.



Correspodence:

1:1 . .
Hovey TCP <« admissible
model structure



Cotorsion pair

In the rest, (¢,E, s5): ex-A\

(U, V): cotorsion pair

< [ o U,V C %: full additive subcategories,

def — _
closed by = and direct summands.

o EU,V)=0.

® ¢ = Cone(V,U) = CoCone(V,U), 1.e.,
VC € €, Fconflations
VO s U - C (UY eld, VY e V),
— C—oVo—=Uc (Uceld,Voel).

CP(6) :== {(U,V) | cotorsion pairs on €}




Hovey TCP
(1) P = ((S,T), (U, V)) : twin cotorsion pair (TCP for short)

ﬁ ° (S, T), U, V) € €B(F)
T e B8 V) =0 (8SCU sVCT)

In addition,

(2) P : Hovey TCP

<— Cone(V,S) = CoCone(V,S)
def

O WUY):cp = (U,V),U,V)) : Hovey TCP

() @:triangulated, T C % functorially finite rigid

= ((Z,Z[-1]1), (+Z]1],7)) : TCP (not Hovey in general)



Hovey TCP
(1) P = ((S,T), (U, V)) : twin cotorsion pair (TCP for short)

ﬁ ° (S, T), U, V) € €B(F)
T e B8 V) =0 (8SCU sVCT)

In addition,

(2) P : Hovey TCP

<— Cone(V,S) = CoCone(V,S)
def

If ¢: triangulated, and if P: Hovey TCP,

then A := Cone(V,S) becomes thick in %.

In particular, ¥x: Verdier quotient, is triangulated.



Example of Hovey TCP, from recollement
% ': triangulated

[Beilinson-Bernstein-Deligne]

A diagram of triangulated Categories and triangle functors

/i\/—\
\/\/

is a recollement if it satisfies

1. * 44, 44" and ji 4 j* 4 j. are adjoint triplets.
2. 14,1, Js are fully faithful.
3. 7% o¢, = 0 holds.

4. For any C' € %, the units and counits of the above adjoints give distin-
guished triangles

i,i'C = C = j,jC = (i,i'C)1] and §j*C = C = i,i"C = (jij*C)[1].



Example of Hovey TCP, from recollement

Chend /\ /\
\/ \/

® We can glue &V) e CRP(N)|and [(.Z, %) |€ CB(En)
to obtain|(A, B) \E CB(F)
@ Tf|(A, B) e €B(¥) satisfies
KA A, i(B)C B and . (B) C B,
we can find |(S, V) and |(.Z, Z) |which glue to (A, B).

. recollement

If welfix (S,V), this gives a bijectionl

CP(EN) 5 {(A,B) € CR(E) | oot} =t Mis (@)

condition




Example of Hovey TCP, from recollement

I

/\ /N
- 3 . recollement
\L/ \L/ (S.V) € OB

N): given

In particular,

(0,6n) — (S, T) |
Gn0) o (V)

—~—~ P =({S,7),U,V)): Hovey TCP on ¥




Condition
(6, E,5): ex-/\

In the rest, assume:
[ Condition ]

For any h = go f in €,
@ h: inflation = f: inflation
© h: deflation = g: deflation

If ¢ is exact, & weak idempotent completeness

If ¢ is triangulated, is always satisfied



TCP ~ model structure

Theorem 1 ([N-,Palu])

P: Hovey TCP
_— @ Fib:= {f :defl. | CoCone(f) € T},
o wkib:={f: | cV},
© Cof :={f :infl. | Cone(f) € U},
o wCof == {f: — | e S},
o W := wFib o wCof

S

= (Fib, Cof , W): model structure on %



Model structure ~» TCP
(Fib, Cof , W): model structure on ¢

==

Lo T:={Ce%|(C—0)e Fib},
o Vi={— | - € whib},
o U:={Ce¥|(0—C)e Cof},
o S:i=4{— - € wCof },

(Fib, Cof , W) is admissible
<1=f> Vmorphism f,
o feFib <& fidefl. & CoCone(f)eT

o fewFib & cV
o feClCof <& finfl. & Cone(f)eclU
o fewCof & )




Model structure ~ TCP

(Fib, Cof , W): admissible model str.

= (S, 7),(U,V)): Hovey TCP

&
"N, Hovey TCP % |admissible model str.

Known for:

Q ¢: abel [Hovey '02,07] abelian model structure

() &: exact [Gillespie "11] exact model structure

() €: triangulated [Yang ’15] triangulated model structure



Reduction & Mutation of CP



Homotopy category

P =((S,T),U,V)): Hovey TCP
- { fibrant-cofibrant }

~

htpy

£

ob jects

CIW-1]

localization

“
If ¢ triangulated,

ideal quotient GIW-1] ~ G

zZC > &



Reduction of CP

Theorem 3 ([N-,Palul) P: Hovey TCP
= (1) ¥[W']: triangulated

(2) mb@ﬂzz{}mmeem%v

1:1I

CR(F[W]) = CP(2/1)

SCACU (& VCBCT)
Extipy-1) (£(A), (B)) = 0 }



Reduction of CP

Theorem 3 ([N-,Palu]) P: Hovey TCP
= (1) ¥[W']: triangulated

@) Mp() >  (AB), UNLH(L),TNH(R))

] | |

CR(E[W]) o (£(A), 4(B)) (2, %)

?



Mutation of CP

Theorem 3 ([N-,Palu]) P: Hovey TCP
= (1) ¥[W']: triangulated

(2) Mp(€) &> ER(Z/T)

If ¢ triangulated,
@ This bij. holds for slightly more general TCPs. [N- ’15]

(arxiv)
o If (Z, Z): Z-mutation palr ([Iyama-Yoshino ’10])
then ((Z,2),(Z,7Z)): TCP on ¥ of this type
@ This recovers the bij. in [Zhou-Zhu "11]

{(A,B) € €B(¥) | T C A,BC 2} &L eP(2/7)



Mutation of CP

Theorem 3 ([N-,Palu]) P: Hovey TCP
= (1) €W !]: triangulated

(2) Mp(€) <> CPFW])

Corollar

Shift Z-action on CP(E[W-']) induces a|Z-action on Mp(€) |
= mutation




Triangulation of €[W~!]

All]
"~y P: Hovey TCP VA
® Shift VAe ¥, TN, AV, ﬂ>@): conflation
¢ [ (s(pa) = [A =5 Va4 =5 Ua))
\ _1
el o CIW ]
T
W]

® “Connecting morphism”

L:E(C, A) - CIW (G A 5 6 £(d) o f(w)™

by taking any span C +— C' — U, with { w € whb
w d wrd = d*pA
@ Triangles
For any 49d¢, Standard triangle

0 =[A 5 B0 TN\ PRGN ORI AN m
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