Non-planar Periodic Solutions for Spatial
Restricted N+1-body Problems

Xiaoxiao Zhao, Fengying Li and Shiging Zhang
Sichuan University

New Perspectives on the N-body Problem, BIRS , 2013

Zhao, Li and Zhang Nonplanar Periodic Solutions for Restricted N+1-body Problems



Construction

© Content
@ Introduction and Preliminaries
@ Our Works

Zhao, Li and Zhang Nonplanar Periodic Solutions for Restricted N+1-body Problems



Content Introduction and Preliminaries

Our Works

In this talk, we use variational minimizing methods and Jacobi’s
theory for local minimizers to study spatial restricted N-+1-body
problems with a sufficiently small mass(zero mass) moving on the
vertical axis of the moving circular orbit plane for the first N
bodies, here the vertical axis passes through the center of masses

for the N primaries.
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Firstly, for 2 < N < 1010, we study the spatial restricted
N+1-body problems. N primary bodies with equal masses are
located at the vertices of a regular polygon, we prove that the
minimizer of the Lagrangian action on the anti-T/2 or odd
symmetric loop space must be a non-planar periodic solution.

Zelo massa
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The orbit g(t) = (0,0, z(t)) € R for the sufficiently small mass
satisfies the following equation

-~ mi(a; — )
E’:ZL (1)

1 lgi—al*’

and the corresponding functional is

1 N
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where

WY2(R/TZ,R) = {u(t)‘u(t), u'(t) € L(R,R), u(t+T) = u(t)},

AL = {q(t) = (0,0,Z(t))‘z(t) e WYA(R/TZ,R), z(t+ =) = —z(t)},

and

e = {4(6) = (0.0.2(0)[2(e) € WH(R/TZ. ), 2(~1) = ~2(0)},
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Secondly, we prove the existence of non-planar periodic solutions
for the following spatial restricted 3-body and 4-body problems: for
N = 2 or 3, given any positive masses my,---, my in a central
configuration( for N = 2, two bodies are in a Euler configuration;
for N = 3, three bodies are in a Lagrange configuration ), and the
mass points of my,---, my move in the plane of their circular
obits centered at the center of masses. Using variational
minimizing methods, we establish the existence of the minimizer of
the Lagrangian action on anti-T /2 or odd symmetric loop space,
moreover, we prove the minimizer is non-planar periodic solution
by using the Jacobi's Necessary Condition for local minimizers.
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The orbit g(t) = (0,0, z(t)) € R for the sufficiently small mass
satisfies the following equation

N . .
:ZM N =2 or 3, (3)

and the corresponding functional is

f(q)=/0 [*Iql2 Z| }dt qgeN,j=12,

_/O [|z|2—|—§_:\/r+722} ,
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Variational Methods

In 1975 and 1977, Gordon firstly used variational methods to study
the periodic solutions of two body problems. Later, many people
used variational methods to study N (N > 3) body problems.
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In 2004, Souissi used variational minimax methods and
approximations to study the following restricted 3-body problem:

20) o iy e = ©)

He got

Theorem A(Chouhaid Souissi, Math. Comp. Sci. Ser., 2004)
For 0 < ae <1, problem (5) has at least one parabolic orbit.
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Recently, by using variational minimizing methods, Zhang ShiQing
considered the restricted 3-body problem (5) with weak forces.
He got the following

Theorem B (Zhang Shiging, Sci. China. Math., 2012)
For problem (5) with 0 < e < 2, there exists one odd parabolic or
hyperbolic orbit which minimizes the corresponding variational
functional.
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Theorem 1 The minimizer of f(q) on the closure \; of A;(i=1,2)
is a non-constant periodic solution for 2 < N < 10%°, hence the
zero mass must oscillate,so that it can’t be always in the same
plane with the other bodies.
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Theorem 2 For N = 2, let mass points of my, my be in a Euler
configuration, then the minimizer of f(q) on the closure N\; of
Ni(i = 1,2) is a nonplanar periodic solution.
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Theorem

Theorem 2 For N = 2, let mass points of my, my be in a Euler
configuration, then the minimizer of f(q) on the closure N\; of
Ni(i = 1,2) is a nonplanar periodic solution.

| A\

Theorem

Theorem 3 For N = 3, let mass points of my, my, m3 be in a
Lagrange configuration, then the minimizer of f(q) on the closure
N; of Ni(i = 1,2) is a nonplanar periodic solution.
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Here i list some famous theorems we needed.

Theorem(Palais 1979) Let o be an orthogonal representation of
a finite or compact group G in the real Hilbert space H such that
for any o € G,

(o -x) = F(x),

where f € C*(H,RY). Let S = {x € H|ox = x,Vo € G}, then the
critical point of f in S is also a critical point of f in H.
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Theorem(Tonelli [1]) Let X be a reflexive Banach space, S be a
weakly closed subset of X, f : S — RU {+o0}. If f £ 400 is
weakly lower semi-continuous and coercive(f(x) — +oo as

||x|| — 4+00), then f attains its infimum on S.

Zhao, Li and Zhang
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Jacobi’s Necessary Condition[2] Let F € C3([a,b] x R x R, R).
If the critical point y = y(x) corresponds to a minimum of the
functional fab F(x,y(x),y'(x))dx on

M = {y € WY2([a, b],R)|y(a) = A, y(b) = B} and if F,1,, >0
along this critical point, then the open interval (a, b) contains no
points conjugate to a, that is, for Vc € (a, b), the following
problem:

h(a) =0, h(c) =0,

has only the trivial solution h(x) =0, Vx € (a, c¢), where

{ —4(PH)+ Qh =0,

1

P = §Fy’y"y=5/v
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@ Remark 1 Cleary, the Jacobi's Necessary Condition is
suitable for the fixed end problem. But we consider the
periodic solutions of the move equations on A; = A;(i = 1,2),
hence we need to establish a similar conclusion as Jacobi's
Necessary Condition for the periodic boundary problem.
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@ Remark 1 Cleary, the Jacobi's Necessary Condition is
suitable for the fixed end problem. But we consider the
periodic solutions of the move equations on A; = A;(i = 1,2),
hence we need to establish a similar conclusion as Jacobi's
Necessary Condition for the periodic boundary problem.

@ Therefore we get

Lemma 1 Let F € C3(R x R x R,R). Assume that u = @i(t)
is a critical point of the functional fOT F(t,u(t),d(t))dt on
WY2(R/TZ,R) and Fyy|y=i > 0. If the open interval (0, T)
contains a point ¢ conjugate to 0, then u = @(t) is not a
minimizer of the functional fOT F(t,u(t), J(t))dt.
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Proof. Suppose u = @i(t) is a minimizer of the functional
foT F(t,u(t),d'(t))dt. The second variation of

foT F(t,u(t), ' (t))dt is

.
/ (Ph? + Qh?)dt, (6)
0
where
P= 1F lu—i
- 2 u'u u=i>
1 d
Q=5 (Fu— P,
Set
.
Qa(h) :/ (PH? + Qh?)dt. (7)
0

For Yh € C3([0, T], R), it is easy to see that Qz(h) > 0. Then by
Qz(0) =0, 0 is a minimizer of Qy(h).
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The Euler-Lagrange equation which is called the Jacobi equation
of (7) is
d

——(PH)+ Qh=0. (8)

Since the interval (0, T') contains a point ¢ conjugate to 0, there
exists a nonzero Jacobi field hg € C2([0, T], R) satisfying

{ ;jt(Pivé) + Qho :_o, )
0(0) =0, ho(c)=0.

Let

~on | ho(t) t €[0,c],
h(t) = { 0 te(c Tl

we have h € C2([0, T]\{c}, R), h(0) = h(c) = h(T) = 0 and

;
Qu(h) :/ (PH? + Qh?)dt = | (PhZ + Qh3)dt =0. (10)
0 0
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Notice that we can extend h periodically when we take T as the
period, so h € Wol’z(R/TZ, R). For Vh € C3([0, T], R), it is easy
to check that Qz(h) > 0. Then by (10), one has
he c2([o, TI\{c}, R) N W, *(R/TZ,R) is a minimizer of Qy(h).
Hence we get

—i(P?/)JrQ/E:o. (11)

dt

Combine with h(0) = h(c) = 0, by the uniqueness of initial value
problems for second order differential equation, we have IAv(t) =0
on [0,c], which contradicts the definition of h. The proof is
completed. O
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Restricted N+1-body problems with N equal masses

The orbit g(t) = (0,0, z(t)) € R for the sufficiently small mass
satisfies the following equation

N
dzz m;(q; — q)

, (12)
—~ |gi —ql?

and the corresponding functional is

1 N
f(q)Z/[1|q|2+Z L ldt, qeN,i=1.2,
o 2 ~ [q - qil

- " (13)
= ~Z1? + ——dt & f(2).
_/0 [2| "+ r2—|—z2]dt f(z)
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o Clearly, g(t) = (0,0,0) is a critical point of f(q) on
A= Ni(i = 1,2).
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o Clearly, g(t) = (0,0,0) is a critical point of f(q) on
A= Ni(i = 1,2).

@ It is easy to get that

Lemma 2 f(q) attains its infimum on A; = A; or Ay = As.
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@ The radius r for the moving orbit of N equal masses is

()] % et

1<<N-1
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@ The radius r for the moving orbit of N equal masses is
r=|\-— csc(— .
47 4 Nj
1<j<N-1

@ The Euler equation of the second variation of (13) is called
the Jacobi equation of the original functional (13), which is

N
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@ Next, we study the solution of (14) with initial values
h(0) =0, H(0) = 1.
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@ Next, we study the solution of (14) with initial values
h(0) =0, H(0) = 1.

@ It is easy to get
3 N
h(t) = ,/rﬁ siny [ 5, (15)

which is not identically zero on [0, 1], but we can prove
h(c) = 0 for some ¢ € (0,1).
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In order to find some a ¢ € (0, 1) satisfying h(c) = 0, we need the
following Lemma

Lemma 3(Moeckel R.,Simo C.,SIAM J. MATH. ANAL.,1995)
N—1

Let A(N) = > csc(j). Then, A(N) has the following
j=1

asymptotic expansion for N large:

A(N)

2N 2N —1)k(@2%*t —1)B3 w21 1
N*(’Y‘F'Og*)‘FZ( A B 2k—1°
T T e (2k)(2k)! N
where ~ stands for the Euler-Mascheroni constant and 822,( stands

for the Bernoulli numbers.
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N—1
> ese(yd)11/2
By Lemma 3, we can choose ¢ = {’:1167,\,} < % for
2 < N <1010
Case 1: Minimizing f(q) on Ay = A;.
o Let
h(t) te[0,d,
= 0 t € (c, 3]
h(t) = "1 16
O ne-p cedeg

It is easy to check that

h(t) € C2([O 1\{c, 55 L, Ryn WH2(R,R),
h(t+ 1) = —h(t), h(0) = h(0) =0, h(c) = h(c) =0 and h is
a nonzero solution of (14).
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N—1
> ese(yd)11/2
By Lemma 3, we can choose ¢ = {’:1167,\,} < % for
2 < N <1010
Case 1: Minimizing f(q) on Ay = A;.
o Let
h(t) te[0,d,
= 0 t € (c, 3]
h(t) = "1 16
O ne-p cedeg

It is easy to check that
( ) € C2([O 1\{c, 3 2 +c}, )N WY2(R,R),
h(t+ 1) = —h(t), h(0) = h(0) =0, h(c) = h(c) =0 and h is
a nonzero solution of (14).
o Notice that we can extend h periodically when we take 1 as
the period, so he YR
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Case 2: Minimizing f(q) on Ay = A,.
o Let
_ h(t) te0,¢c],
h(t)=1< 0 te(c,1—c, (17)
—h(1—1t) te(l—c1].

It is easy to check that

h(t) € C3([0,1]\{c,1 - c}, R) N WX2(R,R), h(—t) = —h(t),
h(0) = h(0) = 0, h(c) = h(c) = 0 and h is a nonzero solution
of (14).
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Case 2: Minimizing f(q) on Ay = A,.
o Let
_ h(t) te0,¢c],
h(t)=1< 0 te(c,1—c, (17)
—h(1—1t) te(l—c1].

It is easy to check that
h(t) € C%([0,1]\{c,1 — ¢}, R) N WL2(R, R), h(—t) = —h(t),
h(0) = h(0) = 0, h(c) = h(c) = 0 and h is a nonzero solution
of (14).

@ Notice that we can extend h periodically when we take 1 as
the period, so h € M.
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Restricted 3-Body and 4-Body Problems

The orbit g(t) = (0,0, z(t)) € R® for the sufficiently small mass
satisfies the following equation

N
g=> 1 N=2o0r3, (18)
i=1

and the corresponding functional is

T N
1 m;
f :/ 7'2+§j | dt, eN,j=12,

/0 [’ZHZWTZJ ,

(19)
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e Clearly, g(t) = (0,0,0) is a critical point of f(g) on

A= Ai(i =1,2).
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e Clearly, g(t) = (0,0,0) is a critical point of f(g) on

A= Ai(i =1,2).

@ It is easy to check Lemma 2 also hold for the circular
restricted 3-body and 4-body problems.
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@ The radius ri, r» of the planar circular orbits for the masses
my, mp are

win

(). e
n=(———)"m, n=(——m———)"m.
' 2m(my 4+ my) 2 ? 2m(my + my) '
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@ The radius ri, r» of the planar circular orbits for the masses
my, mp are

(). (romr),
n=(———)"m, n=(—7—-—) m.
' 2m(my 4+ my) 2 ? 2m(my + my) '

@ The Euler equation of the second variation of (19) is called
the Jacobi equation of the original functional (19), which is

W+ (% + %)h =0. (20)
1 2
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@ Next, we study the solution of (20) with initial values
h(0) =0, H(0) =1.
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@ Next, we study the solution of (20) with initial values
h(0) =0, H(0) =1.

@ It is easy to get

3.3
myms T 2
h(t) = -sin %(ml—kmg)-—ﬂt ,
2my\/m} + mi(my + my) mym; T
(21)
. . . . m%mgT
which is not identically zero on [0, —\/W(mﬁ-m)]' but we

can obtain h(c) = 0 for some c € (0, T).

Zhao, Li and Zhang Nonplanar Periodic Solutions for Restricted N+1-body Problems



Content Introduction and Prelim

Our Works

N m3m3T
In fact, we can choose 0 < ¢ = — 2 < % Hence
2\/m1+m2(m1+m2)
mfmgT
h(c) = -sinm = 0.

2w/ m} + m3(my + my)
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Case 1: Minimizing f(q) on Ay = A;.

o Let
h(t) fG[O,C],
zon )0 t € (c,
=Y “he- 1) te(2,2+] 22
0 (5 +cT)

It is easy to check that

h(t) € C*([0, TI\{c, 7. & + ¢}, R)
h(t+ L) = —h(t), h(0) = n(0) =0,
a

nonzero solution of (20).

ﬂWlZ(R R),
h(c)=h(c)=0and his
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Case 1: Minimizing f(q) on Ay = A;.

o Let
h(t) te[o,c],
zon )0 t € (c,
=Y “he- 1) te(2,2+] 22
0 (5 +cT)

It is easy to check that
h(t) C2([0 T\{c, 3.5 +c}R)
h(t+ L) = —h(t), h(0) = n(0) =0,
a nonzero solution of (20).
@ Notice that we can extend h periodically when we take T as
the period, so h € A;.

ﬂWlZ(R R),
h(c)=h(c)=0and his
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Case 2: Minimizing f(q) on Ay = A,.
o Let
) h(t) tel0,c],
h(t)=< 0 te(c, T—cl, (23)
—h(T —t) te(T —c,TI.
It is easy to check that
B(t) € C([0, TI\{c, T — ¢}, R) N WI2(R, R), ]
h(—t) = —h(t), h(0) = h(0) =0, h(c) = h(c)=0and his a
nonzero solution of (20).
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Case 2: Minimizing f(q) on Ay = A,.
o Let
) h(t) tel0,c],
h(t)=< 0 te(c, T—cl, (23)
—h(T —t) te(T —c,TI.
It is easy to check that
B(t) € C([0, TI\{c, T — ¢}, R) N WI2(R, R), ]
h(—t) = —h(t), h(0) = h(0) =0, h(c) = h(c)=0and his a
nonzero solution of (20).

@ Notice that we can extend h periodically when we take T as
the period, so h € N\».
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The radius ri, r2, r3 of the planar circular orbits for the masses
mi, mp, M3 are

r1—(27r)1/3M 2/3’\/m +m2m3+m3,
r2_(27r)1/3M 2/3\/m +m1m3+m3’
r3—(27r)1/3M 2/:‘\/m + mimy + m3.
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@ The Euler equation of the second variation of (19) is called
the Jacobi equation of the original functional (19), which is

m m m
h”+<—31+—32+—33)h:0. (24)
i r 3
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@ The Euler equation of the second variation of (19) is called
the Jacobi equation of the original functional (19), which is

m m m
h”+<—31+—32+—33)h:0. (24)
i r 3

@ Next, we study the solution of (24) with initial values
h(0) =0, H(0) = 1.
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@ The Euler equation of the second variation of (19) is called
the Jacobi equation of the original functional (19), which is

m m m
h”+<—31+—32+—33)h:0. (24)
i r 3

@ Next, we study the solution of (24) with initial values
h(0) =0, H(0) = 1.
@ It is easy to get

3,3,3
rr3r. . m mp m3
h(t) = 33 12333 33 SN\ —3+ 5+ 3t
m3riry =+ mo i3 —+ m ryr3 ri r r3
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\/m% + moms + m%
= v ,

\/m% + mims3 + m%

B
M ’

\/m% + mimo + m%

VMT

2my [+ B+ B

. m m m 27

(25)
which is not identically zero on [0, —MT___] but we can
yarad

obtain h(c) = 0 for some ¢ € (0, T).
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In fact, we can choose 0 < ¢ = \/ MT T < % Hence

MT
h(c) = \/> -sinm = 0.

27 —I— +
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Case 1: Minimizing f(q) on Ay = A;.

o Let
h(t) te[o,c],
zon )0 t € (c,
=Y “he- 1) te(2,2+] 20)
0 (5 +cT)

It is easy to check that

h(t) € C*([0, TI\{c, 7. & + ¢}, R)
h(t+ ) = —h(t), h(0) = h(0) =0,
a

nonzero solution of (24).

ﬂWlZ(R R),
h(c)=h(c)=0and his
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Case 1: Minimizing f(q) on Ay = A;.

o Let
h(t) te[o,c],
zon )0 t € (c,
=Y “he- 1) te(2,2+] 20)
0 (5 +cT)

It is easy to check that
h(t) C2([0 T\{c, 3.5 +c}R)
h(t+ ) = —h(t), h(0) = h(0) =0,
a nonzero solution of (24).
@ Notice that we can extend h periodically when we take T as
the period, so h € A;.

ﬂWlZ(R R),
h(c)=h(c)=0and his
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Case 2: Minimizing f(q) on Ay = A,.
o Let
) h(t) tel0,c],
h(t)=< 0 te(c, T—cl, (27)
—h(T —t) te(T —c,TI.
It is easy to check that
B(t) € C([0, TI\{c, T — ¢}, R) N WI2(R, R), ]
h(—t) = —h(t), h(0) = h(0) =0, h(c) = h(c)=0and his a
nonzero solution of (24).

Zhao, Li and Zhang Nonplanar Periodic Solutions for Restricted N+1-body Problems



Content Introduction and Preliminaries

Our Works

Case 2: Minimizing f(q) on Ay = A,.
o Let
) h(t) tel0,c],
h(t)=< 0 te(c, T—cl, (27)
—h(T —t) te(T —c,TI.
It is easy to check that
B(t) € C([0, TI\{c, T — ¢}, R) N WI2(R, R), ]
h(—t) = —h(t), h(0) = h(0) =0, h(c) = h(c)=0and his a
nonzero solution of (24).

o Notice that we can extend h periodically when we take T as
the period, so h € N».
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Future works

Open Problems

@ N primary bodies with equal masses are located at the vertices
of a regular polygon, and the sufficiently mass(zero mass)
move in the space. How to get the non-collision solution and
whether the solution is non-planar?
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Future works

Open Problems

@ N primary bodies with equal masses are located at the vertices
of a regular polygon, and the sufficiently mass(zero mass)
move in the space. How to get the non-collision solution and
whether the solution is non-planar?

@ Given any positive masses my,--- , my in a central
configuration( for N = 2, two bodies are in a Euler
configuration; for N = 3, three bodies are in a Lagrange
configuration ), and the sufficiently mass(zero mass) move in
the space. How to get the non-collision solution and whether
the solution is non-planar?
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