Quantum dynamics with sparse grids: a combination

of Smolyak scheme and cubature

Application on methanol
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Quantum Dynamics with full grid representation

- To calculate #|¥), we need two representations:
on the grid and on a basis, |x,)
W ; o]
[ Grid representation } @) ! <[ Basi . J
W(q,) C, asis representation
. @ .
W(q,,) Cy
The transformations have N ' 1 _
to be done as fast as C, = <X, ‘qj>
possible with a grid as - Nb
\small as possible W(gq)= ECIXI (q)
l L 1=1

Two bottle—nec.:ks: The basis € They are ways to overcome these difficulties:
*For the basis, one needs sor

*For the grid, one needs anol . yyge multimode representations as in most VSCF approaches
* Expand the operators as sums of products like in MCTDH




Basis sets:

1) Primitive basis sets :
« Harmonic Oscillator (HO), Fourier, .....
2) Multidimensional basis-set:

 Calculation impossible with a direct-product basis.
Ex:in 11D, ~10"" basis functions!!

» Selection in terms of excitations or the degree of the multidimensional -
polynomials
Ex : the 11D-basis functions are kept when Excitation(B,) < Lg

Selection equivalent to the:
-Pruned basis set of T. Carrington




Basis sets:

1) Primitive basis sets :
« Harmonic Oscillator (HO), Fourier, .....
2) Multidimensional basis-set:

 Calculation impossible with a direct-product basis.
Ex:in 11D, [~10"" | basis functions!!

In 11D, with Lg=9 (equivalent to nb=10)
» Select e multidimensional -

polyno The total number of basis functions is:

Excitation(B,) < Lg
167 960

Selection equivalent to the:
-Pruned basis set of T. Carrington




1) Grid associated with a primitive basis: For the coordinates, i,
ngq; grid points

— Gaussian quadrature (1D) : Q;qi
2) Grid associated with a multidimensional basis:
Direct-product grid (DPG) : nD 1 2 n
Y grid ( ) ok =an1 @Qn%...@ann

impossible: ~10"" grid points!!

=> We need sparse grids




Smolyak multidimensionnal grid
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The Smolyak parameter, L,
increase the size of the grid

enables to |£| - ;e"

0

n

i ! 41D quadrature
QEZ. — an(fi)

How to chose nq(t) in 1D?

[1.ng=t+1 |
2.nq = 2{+1
3. nq = 2t+1
4. Series {

'L o 2 Lg (excitations)

* nq(f) has to be adapted to the selected basis
functions

*Nested grids:
The grid points of the level £-1 are
included in the level {.
Ex: Clenshaw-Curtis or
Kronrod-Patterson quadrature

S.A. Smolyak Soviet Mathematics Doklady, 1963, 4, 240.
Avila, G.; Carrington, T. JCP, 2009, 131, pp174103 (6D 12D)
V. Gradinaru, SIAM J. Numer. Anal., 2008, 46, p103.

J. Burkardt : http://people.sc.fsu.edu/~jburkardt/presentations




Smolyak grid in 2D
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Smolyak grid in 2D
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*Usual DP grid: NQ =42 =16

*Smolayk grid: NQ =30
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Smolyak grid: implementation e

L mol—n+ls|€ <L

K 'smol

1. As a full nD grid: IBERES
Too many operations (NQ x NB) RERY

2. Each direct-product grid is treated
separately with sequential
transformations (one coordinate
after the other) Q,10Q,2 ... + .+ Q90Q,%2 transformation on g2

Some transformations are done
several times Q,9eB? Q,9eB? transformation on g1
B' B? B' B?

3. Global squentlal tran§format|ons These terms are
Each equivalent partial treated together
transformations is done once

4. Use of nested grids | In the the usual imlementation, the Qé are 1D-grids
Qgi—l = Qgi

We want to extend the use of Smolyak scheme with

nD-grids (cubature....)

Avila, G.; Carrington, T. JCP, 2009, 131, pp174103




Cubature rules

- Cubature rules are multidimensional extensions of the usual 1D-gaussian quadrature.

[ [ F@p@)dq~ §F<q,<>w,<

- Qk are the multidimensional grid points and the WK are the corresponding weights.
They are associated with multivariate orthogonal polynomials (nD).

- A given cubature rule with Ng points, can integrate exactly all nD-polynomials with a degree < d=2L;

- No simple procedure to get the grid points and Welghts./( Not all rules are known! }
- Rules are tabulated: one rule for each n and L. N
Ly (d=2Lg) [0 1 2 3 4 5 6
For nD Hermite 2D DP 1 4 9 16 25 36 49
polynomials (HO) cubature|1 3 8 / / / /
3D DP 1 8 27 64 125 216 343
cubature|1 4 14 45 77 151 /
—
A.H. Stroud et al, Gaussian Quadrature Formulas, Prentice—H, R. Cools, J. Complexity 19 (2003) 445
1966. J. Burkardt : http://people.sc.fsu.edu/~jburkardt




Smolyak grid and cubature rules
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The Q, are nD-grids: Ideally, they are cubatures, but
not all of them are available (tabulated)!!
Therefore the Q, are:

1. Cubature if available

2. Direct-product grids
3. Another Smolyak grids (with L={)

Example, in 11D

N N
Q Q NOQ
Lol Smol. Smol.
PD
11x1D (3D)3x2D
9 20 160 075 6 067 148 Lo
(ng=10) 167958 G 589 G




Spectre de torsion du méthanol

The 1D spectroscopic model works well:[']

e
400.0

T(¢) = B 3%/9¢?

V($)=2 V, cos(ko)/ 2 |
B =-27.6 cm’
V,=373-374 cm'et V4= -0.8 cm-’

200.0 |

[2] [6]
[1] Lees... JCP 1968, 48, p5299 : Wang... JCP 1998, 109 p Uiz Sym- | Exp. o 7#71D 7+17D  RPH
10795 (cm™) flexible™ RPH™ HADAP®  Multimode
[2] Stern ... JMS 67 (1977) 244 0 a 0.0 0.0 0.0 0.0 0.0
[3] Mufioz-Caro ... CPL 273 (1997) 135 e | 91 9.7 8.2 105 8.7
1 e | 2089 | 1992 2167 204.7 2053
[4] Fehrensen ... JCP 119 (2003) 5534 a, 004.7 2891 207 8 208.6 670
[5] Blasco ... CPL 373 (2003) 344 2 a, | 3530 | 3375 3635 350.9 388.2
[6] Bowman ... J. Phys. Chem. A 2007, 111, 7317-7321 e | 5103 | 4983 5172 518.6 509.3




Basis set and grid

* For the 11 other modes:
The basis functions are selected in terms of excitations
We use the Smolyak scheme with n=4 (3D,3D,3D,2D)

Molecule with 12 degree of freedoms, but

*  We want to separate the torsion from the 11 other modes

* For the torsion: a 1D-contracted Fourier basis with 48 grid points

04, i 1 2 3 4 5 6 7 8 9 10 | 11 | 12 (torsion)
B’ B’ (Smolyak) B’
Bu,v BI,I BI,Z BI,J B1,4

Primitive | HO | HO [ HO | HO | HO | HO | HO | HO | HO | HO | HO | Contracted
Basis sets Fourier




Zero point energy

Ly NB | D NQ

5 4368 6 132786
7 31824 8 1845519
9 4 031 040 10 892 360 032

The Hamiltonian has 91 terms
=> Huge memory 605 GB

The calculations are long (12 days
for Lg=9)!
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Torsion levels

vo sym  Exp. 12D-RPH 12D 12D
MULTIMODE ELVIBROT ELVIBROT
LBZS with Lsmol:7 LB:6 with LsmoI:8
0 a; 0.0 0.0 11089.55 11088.71
e 9.1 8.7 9.15,9.15 9.14, 9.15
1 e 208.9 205.3 205.34 205.34
a 2947 267.0 290.70 290.70
2 a; 353.0 388.2 347.49 347.49
e 510.3 509.3 503.56 503.54
3 e 751.0 762.3 741.83 741.80

a, 1046.7 1017.8 1034.48 1034.47




Conclusions et perspectives

v The current implementation (Smolyak + cubature) enables to perform 12D-calculations
v' Larger calculations are doabile:

15D, Lg =7, L., =9 => NB=170 544 and NQ=47.106 => cpu(G<>B)=8 min

18D, Lg =7, L., ,=9 => NB=480 700 and NQ=166.106 => cpu(G<>B)=? min

48D, Lg =3, L, ,=4 => NB= 20 825 and NQ= 815 814

Difficulties:

» Large grid and TNUM:

Improvements:

» Obtain cubature rules more

The number of terms of numerical KEO _
systematically (help!)
grows as n?/2
If possible nested ones
= It requires a large amount of memory

» Implementation of the globally

(disc)
= Use of analytical expressions with sequential transformations
TANA (less flexibility). For a start, without a nested scheme




Tunneling splitting

Splitting (cm'1) Splitting d|f1ference
(em™)

125 1 ‘ ] 10.0000 (T T
120 | ] I . —=— AEwithL =L +1 [
L 4 L smol B |

i ] ¢ AEwithL =L +2
r . _ ] 1.0000 - % AE with LsmOI—LB+2 i
15 |- +e1 level with Lsmol—LB+1 . E wi smol_ T8 E
I —+—e levelwithL =L +1| - r b
L 2 smol B i r b
110 L --0--e1 level with L =L +2 | - i ]
i --X--¢ levelwith L =L +2 | | 0.1000 - E
L 2 smol B B T ]
105 |- - E
L ] L u |
100 L B 0.0100 3 - E
L 1 r 0\ 1
L ] r 'S 1
95 — r b
. ] 0.0010 - \ 4
E ] F L N ]
9.0 — [ \X ]

8.5 L | | | | | | | ] 00001 e e e e b b e b e b e
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7

LB LB




Coordinnates: TNUM

Primitive Symmetrization Flexible Normal active Coord.
(z-matrix) (linear) Coord. Coord. (constraints)

qcart |:> q prim = qzmat |:> qsym |:> q flex |:> qNM = qdyn |:> qact

— | —
b= 00,50 0. =9 -0, | Normal coordinates (11) with all
BEEAER A coordinates except ¢..
1 P =%(%—¢3) Use of the average metric tensor,
G, and the hessian matrix, to
Per f(z"’l 2= ) preserve the symmetry.

KEO withTNUM Freq (cm™): 1061.2 1180.8 (x2) 1277.6
Nomber of terms : (n+1)(n+2)/2 1484.0 1517.5 (x2) 3021.6 3093.0 (:2)

A in 12D : 91 terms!




