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Question : find a strictly singular (ss) non-compact operator on the Hl
spaces defined having as frame either Schlumprecht space or
Argyros-Deliyanni mixed Tsirelson spaces.
@ G. Androulakis- Th. Schlumprecht: There exist ss and non-compact
on W.T. Gowers-B.Maurey space.
@ |. Gasparis. There exist ss non-compact operators on the HI spaces
based in the mixed Tsirelson spaces T[Sy, 0,] "assuming” the
existence of ¢y’-spreading model in the dual space.

@ Gasparis method was adapted by,

@ Argyros-Deliyanni-Tolias for constructing HI spaces with diagonal
strictly singular non-compact operators,

e K.Beanland, for constructing non-trivial strictly singular operators on
asymptotic £, HI spaces.
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Coding function

Let 7, = A,(= {F C N: #F < n}) or F, =S, the nth-Schreier family
for every n.
Let

W={(f,....,f): A< - <f€cp(Q),|filc <1, ke N}

Fix an injective function o : W — N.
Let (D,), be a sequence of families of finite subsets of Q.
A block sequence (fi,. .., fk) is (o, Fp)-admissible w.r. the sets (D),

Q if (fi,...,fk) is Fo-admissible,
Q fe UDn and fiy1 € Dy, 5 for any i < k.
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Definition of the norming set

Let 1> (On)nery \ 0.

Fix L Nand 1> (p;)ieL 0 such that p; > 6, for any | € L.
Let o be a coding function.

For any D C coo(Q) define for n € N and / € L,

k
D, = {ean,- : f,...,fk €D, (fi,...,f) Fnr-admissible, k € N},
i=1

K
Dy = {P/Z Ef; : E C Ninterval, (£;); D (o, F;)-admissible w.r. (D,),}.

i=1

The elements U, Dy are called special functionals.
For f € D, we set w(f) =6, and for f € D7, w(f) = py.
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Consider a symmetric subset D C cpo(Q) such that
Q (xe)), CD,
Q@ D, C D forany ne N.
@ pclJb,ul oy,
neN leL
Take Xp be the completion of (cqo, || - ||p) where

Ix|lp = sup{f(x): f € D}.

We set X, be the space defined for D = U,D,,.
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Properties of the spaces Xp, X,,.

1) [Ixlls < lixllo

2) The spaces Xp, X, are reflexive.

3) (en) is bimonotone a basis for Xp and unconditional basis for X,,.
4) The basis of Xp and X, are asymptotically equivalent i.e.

[AS] for the families A,, the spreading model of the basis of Xp is
the basis of X,

-[P] for the families S,, it means that are S,,-equivalent i.e there is
C > 1 and an increasing sequence (i,) C N such that for any n and
in < F €S, the sequences (&;)icr in X, and (€;)icr in Xp are
C-equivalent.
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Properties of the spaces Xp, X,,.
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Ix[lu < lIxllp
The spaces Xp, X, are reflexive.

)
)
) (en) is bimonotone a basis for Xp and unconditional basis for X,,.

) The basis of Xp and X, are asymptotically equivalent i.e.

[AS] for the families A,, the spreading model of the basis of Xp is
the basis of X,

-[P] for the families S,, it means that are S,,-equivalent i.e there is
C > 1 and an increasing sequence (i,) C N such that for any n and
in < F €S, the sequences (&;)icr in X, and (€;)icr in Xp are
C-equivalent.

@ Schlumprecht’s space is the space T[(Ap,1/log,(n+ 1)),] taking
Dy = 0.
Defining the sets D we have Gowers-Maurey space .

@ Argyros-Deliyanni mixed Tsireslon spaces are the spaces T[(S,, 6n)n]
taking Dy =0
Defining the sets Dy we have asymptotic ¢; Hl-spaces.
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Result

For the space Xp defined by the families S, there exists a bounded,
strictly singular, non-compact

TZXD—>XD

. . 0
provided that there exists ¢ > 0 such that lim -2

> c for every m.
n 6,
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Result

For the space Xp defined by the families S, there exists a bounded,
strictly singular, non-compact

TZXD—>XD

. . .6
provided that there exists ¢ > 0 such that lim "9+m
n n

> c for every m.

For the space Xp defined by the families A, there exists a
bounded, strictly singular, non-compact

TIXD—>XD

provided that 6,n® — +oo for every a > 0.
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We shall present the proof for the spaces defined by the Schreier families
(Sn)n. The strictly singular non-compact operator will be

for an appropriate sequence of seminormalized functionals (7,), C X5.
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We shall present the proof for the spaces defined by the Schreier families
(Sn)n. The strictly singular non-compact operator will be

for an appropriate sequence of seminormalized functionals (7,), C X5.
Our proof inspired by

1) the idea of Androulakis-Schlumprecht, to have an "infinite tree”
construction which determines the functionals (f,),.

2)[ ADT] Let X, Y be Banach spaces such that

a) there exists (x; ), C Bx~ generating co-spreading model.

b) Y has normalized basis and there exists norming set D of Y such
that for all £ > 0 there exists M. € N such that for all f € D

#{n:|f(e,)| >¢e} < M..

Then T: X =Y, T(x) = E x5 (x)en is bounded non-compact, for
n
appropriate (gn)n



The basic ingredients

X = E a;e; is (n,€)-basic special convex combination (scc) if
icF

FES, Y a=1and > ai<e VGES, 1.
icF i€G
For an (n, e)-basic scc it holds

1< 6, %] < 1+e.

If (x;)icF is a block sequence, x = Z a;x; is said to be (n, e)-special
ieF
convex combination (scc) if Z aj€maxsupp x; 15 (N, €)-basic scc.
i€F
In the sequel we shall omit the numbers ¢.
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Periodic RIS

Let ng, M e Nand ny,...,ny € N.
Let x_1)m+j, I < N,j < M be a block sequence such that

1) For every i < N X(i—1)M+j 1S @ seminormalized nj-basic scc. i.e.

X(i—1ym+j = 0p, E akex
keF;,;

N M
= E E a(i—1)M+jX(i—1)M+j 1S an ng — scc.

i=1 j=1
a) We call the vector x an (ng, M)-periodic average.

b) Taking (nj)j’\i1 "very fast increasing” we call the sequence
(X(i=1)M+))ij» (no, M)-periodic rapidly increasing sequence (RIS) of
height 1.
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e For N =1 and (nj); appropriate chosen, we have the notion of
rapidly increasing sequence of lenght M.
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e For N =1 and (nj); appropriate chosen, we have the notion of
rapidly increasing sequence of lenght M.

@ Vectors similar to periodic averages have used by D. Leung, W-K
Tang to provide examples of mixed Tsireslon spaces T[(S, 6,)s] not
isomorphic to their modified version.
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N M
Let x! = Z Z a(i—l)Mo+jX(1i—1)M0+j (no, M)-periodic RIS of height 1.

i=1 j=1
We get periodic RIS of height 2 by gluing periodic RIS of height 1 and
preserving the characteristics numbers M, ng, ny, ..., ny of x*.
L o Tt [ o
000 000 0000 *°+ 0000 *°*° 000 *c-000 0000 - 0000

The first line is (ng, 2)-periodic RIS of height 1. We take two averages
with admissibility’s n; << np. We take repetitions of the two "nodes" to
have ng-admissibility.
We get periodic average of height 2, by "substituting "

@ the first node by an (ny, M;)-periodic RIS, with M; >> M different

admissibility’s, ny 1, n1.2,...,n1 M, and ni-admissibility
@ and the second node by an (ny, M,)-periodic RIS, with M, >> M,
different admissibility’s, n1,n2.2, ..., n2,pm,, and ny-admissibility

© Moreover we take much more repetitions of these two nodes in order
to have again S -admissibility.
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We continue in the same manner to define periodic RIS of height n. We
shall use two trees,

@ one that determines the number of the different admissibilities and
different /s that appear in each periodic average,

@ the other to index all the elements of the periodic average.
Let R C U,N" be an infinite tree with unique root. We set for 5 € R

o Mg = #succ(3) (the number of different admissibilities that appear
in each periodic RIS)

@ we associate also a parameter mg (the admissibility of each periodic
average)

For each n let 7, be a tree of height n, v : T,, — R such that for every
« € T,, not terminal

SUCC(Oé) = {Oé/—\((l — l)Mv(a) +j) < Ny, j < Mv(a)}.
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Periodic RIS of height n (with tree-analysis)

We say that the vector x, € X is periodic average of height n, with
tree-analysis determined by the core tree R, if there is a family (x4 )aeT;,
@ for any terminal node a € T, we have |a| = n and x, = e, for
some t, € N,

@ for any node « € T, with |a| = n — 1 the vector x, is a
seminormalized m,,(4)-basic special combination of (x)gesucc(a) i-€-

-1
Xo = F)mv(a) Z cie;.
i€Fa
@ for any node o € T with |a] < n— 1 the vector x, is a
seminormalized (my, (4, My (a))-periodic average of (x3)gesucc(a), i-€-

Ny My(a)

Xa = Ot DY Aa (k- DMy 1) K (k- DMooy ) (1)
k=1 j=1
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Proposition

For appropriate choice of the parameters m,, M,, of the core tree, it
holds that

Ixallo < TT(1 +365)
i=1
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Proposition

For appropriate choice of the parameters m,, M,, of the core tree, it
holds that

Ixallo < TT(1 +365)
i=1

We associate to the periodic RIS x, in a natural way the functional f,
with tree analysis (£ )acT, Where
Q f, = e} for a terminal.

Q@ fl=0m, >, esiflal=n—1

Besucc(a)
Ny My(a)
0 f=0m,. Z fg = emu(mz Z a™ ((i=1)My(ay+i)-
BéEsucc(ar) i=1 j=1

The associated functionals f, = f;’ satlsfles fo(xn) =1 and

n

[Ta+36.)" <lfll < 1.
i=1
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The functionals f,, will be used to define the operator
T(x) =) fa(x)e,

The seminormalization of ;s yields that T is not compact.
[ Txn — Txml| = [[fa(xn)€i, — fm(xmei, )|l > 1.

We shall make carefully choice of the parameters M., m,,y € R to have
that T is bounded and strictly singular.
How we choose m.,?
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The choice of the core tree R

We enumerate the nodes of R as «; following the lexicographic order.
We refine the choice of M,;, m,,, which ensure the seminormalization of
xps, by choosing for the node 7; a positive integer k,; such that

o Pkwj-(z my, + M) = &y, and ZE’YI <1l
i<j J
(recall that p; are the weights of the special functionals)

m.,.
j

@ We choose m,; such that <c

My; +k"fj +ord(~;)

n+m

The last choice is possible by the assumption lim
n

> ¢ for every m.
f n
=1, € =e.

m Sy In

To simplify notation Pk, = Phjs fx

Yn+1

We show that the operator

T() =Y fulx)e,

n=1

is bounded and strictly singular.



If we consider the space X, it follows easily that T is bounded since

| Z fo(x)ei,
n=1

since it holds || Z ane; || < || Z anup||, in < up is normalized block basis.
n n

u < [l ()
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Preparatory work

We take any x € Xp with a finite support and a norming functional f
with f(Tx) = || Tx||p.

@ It holds that Vf € D,Vj € N, {n:|f(en) > pi} € Sk
@ We partition N to the sets

Bj = {n EN: Pk < |f(ein)| < pkj} € Skj+1
Let D; = B;in{L,..., Z M; + Z m;}, the "initial” part of B;.

i<j i<j
For simplicity assume D; = () and f(e;,) > 0 Then we have

| Tx|lp = f(Tx) = ZZf )f(ei).

Jj=1 neB;
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Analyzing the functionals using the tree structure

Set for v; € R,

by =18 € R 1Bl = [l <tex B} U Uis1=lny1,8< iy SUCE(B)

%
/N/No | | |

The set I,

We have that for every n,
0h-Y Y emt Y o
Bel a€Tnv(a)=p a€Tnv(a)=y;
@ For every f € R the set {f) : a € T, v(a) = B} € Sora(p)-
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mg

< ¢! we get that

Using the above properties and —————
0m5+ord(ﬁ)+k5
co-behavior of the nodes thar are determined by a node (3 of the core tree

For B € R and for every F € S, F > ||

1 > fllsct (3)

nEF aeT,v(a)=p
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mg

< ¢! we get that

Using the above properties and
0m5+ord(ﬁ)+k5
co-behavior of the nodes thar are determined by a node (3 of the core tree

For B € R and for every F € S, F > ||

1 > fllsct (3)

nEF aeT,v(a)=p

Since for n € B;, f, = Z Z cafy + Un, Up = Z cyfa
Bel aeThv(a)=pB a€Thv(a)=v;

For any 7; € R and F € S, with F > || +2,

/

IS -l =1 3 gil<

neF BEl n€F acv(a)=n;

A. Manoussakis Strictlly singular non-compact operators



| Tx|lo = f(Tx) <Z|Z f(ei,) +HZCJZUn x)e;,

Jj=1 neB; j=1 neB;
Corollary for F = B; yields

ZI D (o= u)CF(e)l < DN D (o — un)lllixllo pxg

j=1 neB; j

=1
— 1
< (Z —)|[x]/p, by the choice of p;.

It follows

=01
ITxlo < (32 =) \\x||o+||ZqZun Jeillo

j=1 j=1 nEB
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T is bounded, second summand

To estimate || Z G Z un(x)e;, ||p we use the
= neB;

O the adm|SS|b|I|ty of the sets B;
@ The asymptotic equivalence of the basis of Xp and X,

o Hzgn Jeillu < 11l

So partitioning j's according the predecessor of ~; we get

IIZCJZUn elnHD<ZCk9mkH Yo D u¥elo

Jj=1 neB; ~j€E€succ(vyk) nEB;

<czemk|| YooY uXell <—Zemk\\x||
k=0

~j€Esucc(yk) NEB;
C ; Dl
= —)Ix|lp
k
c pard 2
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T is strictly singular

To show that T is strictly singular, we have

IT(x |\D<Z|Zf (el +D 1 falx)f(e;,)

Jj=1 neB; Jj>jo neEB;

From the proof that T is bounded we get,

SIS L09f el < alixlo.

Jj>jo nEB;

For the first term we use that the space which is the completion of
co0(N) under the norm

x|y = sup{>_ enfa(x) 10 € {~1,1}, F €Sy, }

neF

is co-saturated and ||x||j, < 0 ! L Ixllp- (X5 is closed in
(Sn, 0,)-operations.
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Xp is reflexive= every € > 0 and every subspace Y of Xp there exists
x € Sx, with ||x||j, <e.

It follows,
Jo oo
ITxlp <D 1Y falx)f(e,)l+ ST £ ()f(e)]

Jj=1 ne€B; Jot+1 neB;

< Jollxllp + o

- o %)

< Jjoe + ﬁ

- 2Jo

Since this holds for every € > 0 we get that T is strictly singular.
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Thank you
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