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Basic model - electronic Schrdédinger equation
Electronic Schrodinger equa-

tion N nonrelativistic electrons +

Born Oppenheimer approximation

The Hamilton operator
1 Kz 1 1

H = A — — 4 —_—
2NN el T ey

acts on anti-symmetric wave functions W € H'((R® x {1 1)V,

\U(X1,S1,. . .,XN/,SN/) , Xj = (X,‘,S,’) € Rs X {ié} .

Ground state energy Ey = min{(H,v) : (¢,1) = 1} and n(x)
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Effective single particle models - DFT and

@ Closed Shell Restr. HF (RHF) or Density Functional theory

N = N% number of electron pairs (spinfree formulations)
@ minimization of the energy functional Jxs(®)

Jrs(® {/ Z\V¢,\2+/nv0m+ //

a = 0 — Hartree Fock equations, 8 = 0 — Kohn-Sham equations.

) o dy — aEx(n) + fEX/—/F(D)}

@ w.r.t. orthogonality constraints
¢ = ()N, € H'(R®)N and (¢;,¢;) = 0;;

@ ¢; € H'(R3), electron density | n(x) := SN, [¢i(x)[2
Density matrix function D(x,y) = SN, ¢:(x)éi(y)

Reinhold Schneider, TU Berlin, Stephan Schwinger, MPI Leipzic A posteriori errror estimators for Density Functional Theory and



Notations-Optimization with orthogonality constraints

@ &:=(¢y,...,06n) € (HRI)YVN = VN = Vo KN,
K = C,RN. In the sequel K := R.
@ V:=H'(R3 CL2R3 CH IR =V
o (oTW) = ((¢i¢))ij € KNN
o scalar product ((®, W) = tr (®TW) = SN (¢,4)) €
0 Ad:= A1 & = (Apy,...,ApN), A: V = V'

Simplified Problem (e.g appear in SC iteration): minimize

N
TRS(®) =D (Adi, 1) = tr(®TAD) = (&, A®))

i=1
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@ J = Jks, JHF, Jes are invariant under unitary

transformations U € U

N
J(®) = J(PU), ®U = (> ¢jtj)j—1,.n

i=1

@ gradient J'(®) = Aj¢)®, Ay : V — V'

—1 1
Aopj = —B¢i + Veorepi + Vi + aVxcpi — 55V

density matrix op. projects onto span® := span{¢; : i < N}

N

Dy := Z (D) 12 i

i=1

it satisfies D2 =D, tr D= N, D" =D
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Geometry of admissible set

see [Edelman, Arias, Smith]for V = R".

Definition

Stiefel manifold (orthogonality constraints)
Syni=8:={d=(¢;)N,|pi € V,(®T®) — Iy, y =0 € RVN}

Grassmann manifold is a quotient manifold

Gun:=0 :=Syn/~ ®-®d=0U,UclU(N)

There is a one-to-one correspondence between
[®] € G «~ Do (density matrix operator) resp. the subspace
Vo = span{¢1, ..., on}

G is also fundamental in tensor product approximation
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Tangent space

Lemma

e tangent space Tjs)G = {6V € VN|{(sW)T ) = 0 € RN*N}
® (I—Dy): VN - Ti#19, is an orthogonal projection onto the
tangent space Tj41G

@ tangent space ToS = Tj41G + {PA AT = _A)

—{@cV":(670) = —(o70)}

Edelman et al. (98); Blauert et al. (08), Maday, Turinici (02), Cances, et al. (10)
error measure on G :

I[®] — [W]|| := inf{U € U(N) : & — WU|[yu} ~ [|(/ — Do) loc.
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1st order optimality conditions

Nec. cond.: If [W] = argmin {J(®) : [®] € G} € VN(VN) then

((ApV, 60)) = 0750 € TG € VN(VY)

(I — Dy) AV, 60)) = 0V 50 € VN(V)

For [#] € G there hold J'(®) = 2A414;® € (V)N where e.g.

1 1 1
Af;s] = —EA + Vcore =+ (n* H) + ch(n) = —§A =+ V(n)

Lagrangian | £(®, A) := J(®) — trA((®T ) — /)
At stationary points (W, A) there holds | A = (A v, ¥y) |
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Goal oriented error estimation - revisited
Constr. optimization problem: u = argmin{J(v) : G(v) = 0}

Lagrangian: L(x) := L(u,\) = J(u) — AG(u) (x = (u,\) € X)
Theorem (- dual weighted residual method - Rannacher)

Let X;, C X closed, consider the weak solutions (Galerkin)

LU'(x)y=0vVy e X, L'(xy)yh=0Vy, € Xy, then

L(x) — L(xn) = %L'(Xh)(x — ¥h) + O(l|x = xl%) Vyn € Xn

J) = ) = [ (n)(u — ) ~ AnG (et — )
— (A= An)G(up)] -

Remainder Rg = } [ L®)(up, + se)(e, e, €)s(s — 1)ds = O(&3).
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Orbital based functional

First attempt Maday & Turinici (2002) for HF
L(®,N) = THF () + trA((dT, d) — 1)

Theorem
IfV € Vand Vv, € V), are the corresponding stationary points

0>J(V)—T(Vp) = (V=) (Aw,Vh— Valn))) + Ra
= (V= &), (Aw,] — MaAw,))Vn) + Rs
= n(Vp) +Rs Vb, € Vy

where My, : V — V), is the Lo-orthogonal projection.

Truncation error at |x| — oo must be estimated seperately.

(Schwinger 2011)
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Orbital based functional - Remainders

Theorem (Schwinger 2011)

The remainder term for linear eigenspace problem+7ES is

given by

(W =Wp) (A= Ap), ¥ —Vp)) <0.

N —

R§° =

and
1
IR5®| = 5 IA = Anllzf|(W — W), -

IfA+u>1— A forsome > 0, then

1
RS®| = SIA=Anll2ll(¥ — W),

S W = W)IE IV — Vh)lv
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Lemma (Remainders)

RYF = RES + RY —RY | RES = RES 4+ RY + RE
where

H (Vhk + i) (nk — Pi)(X)(ns — 1) (Wns — i)(Y
Ri=D / / : X -y

~—

(Vnk + Vi) (Wns — L) (X)(Wnk — i) (ns — Pi)(Y)
Re' = 22// X —y]

REFI S NI~ Wh)H?/Sl,J’p WhllLe < II(V = Wh)H‘?/Sl;p [Whllre

But REX = O(||W — W||.,) due to non-differentiability of Dirac

Slater exchange at n(x) — 0. Otherwise REX = O(|[W — w,||3)
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Ambiguity - unitary invariance (N > 1)

Error measure on G :

I[®] — [V]|| ;== inf{U € U(N) : ||® — WU||n} is invariant w.r.t. to
UcU(N),aswellas J(V) — T (V) = T([V]) — T([Wh]). Butin
fact n(Vp) = n(Vh, U, V) and Rz = R3(V4, U, V) for U,V € U(N)

Lemma (Schwinger)

n(\ufh U7 V) = 77(7 Wh, U) ) R3(Wh7 Ua V) = R3(7 wha U)

for RES, REF RKS.

But U = argminyc v [Ra(Vs, )|, Rg = O(||Wy, — WU|3,) is

unknown.
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A posteriori error estimates - ambiguities

@ For JES, since R3 < 0, we obtain
max n(V, min RES(wj,, U
Jmax, 77( nU) = lin Ry (Vp,U)

And therefore, we get efficiency! and reliability
GilT (V) = T (Vh)| < maxn(Vp, U) < |7 (V) = T (V)]
@ In the general case we have either this result, or only
[ T(W) = T(Wn)| < maxn(Vp,U) .

o U= arg maxy % could be computed

((S. Schwinger) - expensive!).
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Interpolation estimates and H? regularity

For local basis functions like Finite Elements or wavelets

n could be computed ~ by post- processing ¥ ~ \/llvh or by
interpolation estimates: Let K be an element K C Q4 := suppW¥y C Q.
Vy := span{®«}, hx ~ diamK ~ diamQy ~ diamﬁk, then there ex. an operator
in : V — Vj reproducing polynomials s.t.

lu = intlly) < Gl e,

Lemma (H? regularity)
The minimizer W = (1;) of 7HF 78S 7KS is in (H?(R3))N,

there exists a shift n > 0 s.1.

[Pl < Crell(Apw) + 1)®llL,, Vo € V
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A posteriori error estimates

Theorem
Iflv] € G, ¥ e VN v, c VV, be the minimizers of

J = JHF, gKS 78S U € U(N) , assume H? regularity
(@]l < Crell(Ap) + 1)@l YO €V,

and Rz < e suff. small, then 7 (Vp) — T (V) = n(Vp,U) + R3

where
n(WaU) < C Y II(MrAw,) — Aw ) VallZ, oo MU ey
ik
< CiCe/Ir(NA) D (MaApw,y — A, )VallL, 0 Mk

ik
=: n(Vp) indep. of U .
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A posteriori error estimates

@ The error estimator n depends on the representation

W, eVof [V €.

@ \/tr(N*N) ~ tr|A], and /tr(A*A) ~ \/tr(A;Ap)
e if W, ¢ H? - e.g. Finite Elements

1 < CiCpe Ctr|Ap| Z(HHA[\Uh] - A[w,,]"’hHi(K)hﬂ + ”[3n‘|’h”|%2(e,<)h?<
K

[Ontn,il|e, - jJump of the normal derivatives across 0K
@ resembles eigenvalue error estimator of Larsen (N = 1)
@ H? regularity is provided for HF etc. it simplifies proofs

@ it allows an individual discretization of ¥, ;, i =1,...,N.
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Further assumptions

@ For DFT (LDA - Dirac-Slater term) n(x) > 0 Vx for

regularity

Q o c Us(®), J'(¢) = 0 and

(T"(®)W = WA), W) > y[[|W][5n forall We TG,
[¢]

for a priori analysis (A. Zhou et al, Cances & Maday et al. , Ortner et al. )

Under assumption (2), we obtain locally Yo, € VYV,

IWI-[WAllIZ S IU-Po)WalY S (A, Wa—Ynln, V=®p)) = n(Yp) -
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Alternatively - Density operator based functional

Hartee-Fock energy: £(D) := tr(—A + 2Veore) D + tr(G(D) D)
G(D)o = (n+ )6 — 3 [ =D o(y)dy I

Fock operator F(D) = Ay = —3A + Veore + G(D).

Problem

minimize {£(D) : D € P} w.rt. P = {D = D*,D? = D, trD = N}

ext. Lag. £(\, D, D, N) = A\&(D) — (D, D? — D) — N(trD — N)
Theorem (Schwinger)

If D is a minimizer of €, then there exists D € P such that with
A=1,N=0,D:= —DF(D)D+ (1 — D)F(D)(I - D) (Lag. mult.

is a diff.-operator!) (\, D, D, N) is a stationary point of L.
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Error representation

Let D, Dy, be corresp. minimizers, then
E—Ep+ 7—\’,3D

= ((F(Dh). D)) + 4 ((BuDy+ DpDy— Dy, D~ D)
= ((F(Dp) — Fn(Dp), D — D") vD" € Py,

= ({((F(Dn) — Fn(Dp)) ¥, ¥)) choosen D" :=0
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Error representation

Provided that |R5 suff. small there holds

€ — &l ~ ((F(Dn) — Fn(Dy),D — D") vD" € V.

Approximate version
|& — &n| ~ ((Fn(Dp) — Fun(Dp), Dy — D)) vD" € Py,
Remainder becomes (independent of ES, HF or KS)

1 -~ -
’R,g: —1—<<D— Dy, D — DpD — DDy, + D)) .
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Numerical results

(PhD thesis of S. Schwinger submitted (2011))

Numerical tests by S. Schwinger — VXZ bases.

Plot of efficiency indices }fﬁi’g

Hartree Fock Hartree Fock
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Numerical results

Kohn Sham with Dirac Slater Kohn Sham with Dirac Slater

exchange exchange
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Numerical results

Kohn Sham with Perdew- Kohn Sham with Perdew-
Wang Wang
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