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Idempotents An Inner Product Space
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Schur Idempotents

An association scheme A consists of a set Ag,..., Ay of
01-matrices such that:

QO Ag=TITand ) ;A;=J.
Q@ Al € Aforall 4.

© For all 7 and j the product A;4; lies in the span R[A] of the
matrices in A.

Q A;4; = A;A; for all i and j.

Q A;0A;=0,;4;.
Note that R[A] is also closed under Schur multiplication, by (5).
We call R[A] the Bose-Mesner algebra of the scheme.
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Symmetric Schemes

The scheme is symmetric if each matrix A; is symmetric; this is
the only case we will consider here. Hence we can view Aq,..., Ay
as the adjacency matrices of graphs with common vertex set V.
We set v = | V].
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Matrix ldempotents

The span R[A] is a commutative semisimple algebra and therefore
it has a basis of matrices Ey, ..., £y such that

QO E=1J

Q E;c{Ey,...,Ey} forall i.

© For all 7 and j the product E; o Ej lies in R[A].
Q EE; =6 E;
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The Change of Basis Matrix

There are scalars p;(j) such that

d
Ai =" pi(§)E;.
=0

The change of basis matrix is denoted by P and is called the
matrix of eigenvalues of the scheme.
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The Change of Basis Matrix

There are scalars p;(j) such that

d
A =" pilj)E;.
=0

The change of basis matrix is denoted by P and is called the
matrix of eigenvalues of the scheme.

The name is well chosen because, since E;E, = ;. E,, we have
AiE, = pi(r)Er

and so p;(r) is an eigenvalue of A;.
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If M is a complex vector space of matrices, we define an inner
product by

(M,N) =tr(M*N) = sum(M o N)
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Orthogonal Bases

Since
<AZ', AJ> = sum(AZ- (e] A]) = (5%’7]’ Sum(Ai) = (51"3'7}%'

and
<Ei, Ej> = tI‘(EiEj) = (Si’j tI‘(Ei) = 5i7jmi

we have two orthogonal bases for R[A].

Chris Godsil University of Waterloo Linear Algebra



Association Schemes Koppinen Pseudocyclic Schemes Idempotents An Inner Product Space

Projections

The Bose-Mesner algebra R[A] is a subspace of the space of v x v
matrices and so we may use any orthogonal basis of R[A] to
compute the orthogonal projection M of a matrix M onto R[A]:
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Projections

The Bose-Mesner algebra R[A] is a subspace of the space of v x v
matrices and so we may use any orthogonal basis of R[A] to
compute the orthogonal projection M of a matrix M onto R[A]:

d d
—~ (M, A;) (M, E;)
M= A=Y E
i—0 <Aiv AZ> =0 <E]7E]> !

Chris Godsil University of Waterloo Linear Algebra



Association Schemes Koppinen Pseudocyclic Schemes Idempotents An Inner Product Space

An Application

Suppose S is a subset of the vertices of A with characteristic
vector z. Set M = zz”. We compute M.

o (T Ay) =tr(zzT A;) = tr(aT Ajz) = 2T Az,
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An Application

Suppose S is a subset of the vertices of A with characteristic
vector z. Set M = zz”. We compute M.

o (T Ay) =tr(zzT A;) = tr(aT Ajz) = 2T Az,
("] <Au Al> = VV;.
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An Application

Suppose S is a subset of the vertices of A with characteristic
vector z. Set M = zz”. We compute M.

o (T Ay) =tr(zzT A;) = tr(aT Ajz) = 2T Az,
("] <Au Al> = VV;.
o (12T E;) = tr(22TE)) = 2T Ejz.
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An Application

Suppose S is a subset of the vertices of A with characteristic
vector z. Set M = zz”. We compute M.

o (T Ay) =tr(zzT A;) = tr(aT Ajz) = 2T Az,
o (A;, A;) = vu;.

o (12T E;) = tr(22TE)) = 2T Ejz.

o (Ej, Ej) = m;.
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An Application

Suppose S is a subset of the vertices of A with characteristic

vector z. Set M = zz”. We compute M.

o (T Ay) =tr(zzT A;) = tr(aT Ajz) = 2T Az,
("] <Au Al> = VV;.
o (12T E;) = tr(22TE;) = 2T Ejz
° <EJ7Ej> = my.
Theorem

If M = 22T then

Chris Godsil University of Waterloo Linear Algebra



@ Association Schemes
@ Idempotents
@ An Inner Product Space

0 Koppinen
@ Koppinen's Identity and Some of its Uses.
@ Proving Koppinen

© Pseudocyclic Schemes
@ Some Strongly Regular Graphs
o Average Mixing



Association Schemes Koppinen Pseudocyclic Schemes Koppinen's Identity and Some of its Uses. Proving Koppinen

The Identity
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The Identity

Theorem (Koppinen)

1 1

7
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We have

1 1
(o NK=Y —(uTd)® 4= —("E) e E

i VV;

and if we apply tr ®1 to each side, we get:
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Using Koppinen

Proving Koppinen

We have

1
T Q. - Tp. ;
(zz” @ DK = E (xz" 4;) @ A; Ej j(m E;) ® E;

VU;
and if we apply tr ®1 to each side, we get:

d
zT Ay :1: tTE:x

d
Y R A=Y

1=0 =0 mj
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The Clique-Coclique Bound

Suppose S and C' are subsets of V with characteristic vectors z
and y respectively and

(T Azz)(yT Asy) = 0. (i=1,...,d)
Then on one hand (z ® y)7K(z ® y) is equal to

3L

i=0 Vi

(" A)(y" Ay) _ (=" Aoz)(y" Aoy) _ |C]S)]

v v
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The Clique-Coclique Bound

Suppose S and C' are subsets of V with characteristic vectors z
and y respectively and

(T A;2)(yT Azy) = 0. (i=1,...,d)
Then on one hand (z ® y)7K(z ® y) is equal to
d

and, on the other it is equal to

(" A)(y" Ay) _ (=" Aoz)(y" Aoy) _ |C]S)]

V; v v

(2T Ejz) TE]y)

|CP2ISP?

> (a7 o) (y" Boy) = —

Tﬂ&
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The Clique-Coclique Bound, ctd

Corollary
If C'is a clique and S a coclique, then

[CI1S] < ;

if equality holds then (zT Ejz)(yT Ejy) =0 forj=1,...,d.

Chris Godsil University of Waterloo Linear Algebra



Association Schemes Koppinen Pseudocyclic Schemes Koppinen's Identity and Some of its Uses. Proving Koppinen

Orthogonality of Eigenvalues

If we multiply each version of K by F,. ® Es then recalling that
AiE, = pi(T)Erv we get

(ZPWW> E,® B, =6, B, ® B,
- Yy

and hence

= V0,5

)

> pi(r)pi(s)
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Projections Again

Proving Koppinen

If ug,...,un is an orthogonal basis for a subspace U, then
orthogonal projection onto U is represented by

1

i <uia ul> '

7

Note that w;uj is an element of End(U) and

)

End(0) 2 U@ U 2 UU.
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Applying this to our pair of orthogonal bases, we get

1 1
Z A4, =N —E ®E.



@ Orthogonal projection onto R[A] is an endomorphism on the
space M, of v X v real matrices.
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An Interpretation

@ Orthogonal projection onto R[.A] is an endomorphism on the
space M, of v X v real matrices.

@ Any endomorphism of M, is given by a map

M~ > A.MBS
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An Interpretation

@ Orthogonal projection onto R[.A] is an endomorphism on the
space M, of v X v real matrices.

@ Any endomorphism of M, is given by a map

M~ > A.MBS

© It is not unreasonable to denote this endomorphism by:

> A;® B
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An Interpretation

@ Orthogonal projection onto R[.A] is an endomorphism on the
space M, of v X v real matrices.

@ Any endomorphism of M, is given by a map

M~ > A.MBS

© It is not unreasonable to denote this endomorphism by:
> A;® B
T

o ]C c End(./\/lvxl,).
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A Stranger Interpretation

Matrix and Schur multiplication are linear maps
Mo @ Muyxy — My

which we denote by p and o. As they are linear, they have adjoint
maps (coproducts) p* and o* respectively from M* to M* @ M*.
Koppinen says that

(1) = o*(J).
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A Stranger Interpretation

Matrix and Schur multiplication are linear maps
Moxy @ Muyxy = Muyxy

which we denote by p and o. As they are linear, they have adjoint
maps (coproducts) p* and o* respectively from M* to M* @ M*.
Koppinen says that
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Some Strongly Regular Graphs Average Mixing

Pseudocyclic Sche

Definition

An association scheme on d classes is pseudocyclic if
ml —_— e . — md

and
/Ul = - = ’Ud
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Examples: Cyclotomic Schemes

Let IF be a finite field and let R be a subgroup of the multiplicative
group of I (such that —1 € R).

Definition

The vertices of the cyclotomic scheme are the elements of F, two
distinct vertices w and v are adjacent in the i-th graph of the
scheme if their difference is in the i-th coset of R.
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Examples: Cyclotomic Schemes

Let IF be a finite field and let R be a subgroup of the multiplicative
group of I (such that —1 € R).

Definition

The vertices of the cyclotomic scheme are the elements of F, two
distinct vertices v and v are adjacent in the i-th graph of the
scheme if their difference is in the i-th coset of R.

If |[F| =1 mod 4 and R is the set of non-zero squares in IF, then
the graphs in the scheme are the Paley graph and its complement.
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No Cyclotome Picture, but. ..
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OK, An Actual Example: Paley(49)
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Pseudocyclic to Strongly Regular

Theorem
If A is a pseudocyclic scheme with d classes, then

d
Z A;®A;
i=1

is the adjacency matrix of a strongly regular graph.

Proof.
Set m = (v—1)/d. Then

K—11+i§:A®2—1J+i§:E®2
o vm = Ty m = i

Chris Godsil University of Waterloo Linear Algebra
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A Quantum of Knowledge

Let A be the adjacency matrix of some graph X. We work with a
quantum system whose evolution is specified by the matrix Hx(t),

where
Hx(t) := exp(itA)

This matrix arises in the theory of continuous quantum walks. It is

unitary and symmetric (so Hx(t) = Hx(—t)).
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Grover, not Shor
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Entanglement

e —————
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If X = K>, then

Hy(t) = (cos(t) z'sin(t)) .

isin(t) cos(t)
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Some Probability Distributions

Since H(t) is unitary the Schur product

H(t)o H(t) = H(t)o H(—t)

is a doubly stochastic matrix.
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Some Strongly Regular Graphs Average Mixing
The Avera
’

Definition
The average mixing matrix is

ix %/OTH(t)oH(—t) dt.

T—o0
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Using the Spectral Decomposition

If A has spectral decomposition
A=Y "0.E,
T
then Hx(t) has spectral decomposition
Hx(t) =) e""E,
T

and

Hx(t) o Hx(—t) = Z EfQ +2 ZCOS((GT —05)t)Ey o Ej.

r r<s
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The average mixing matrix is equal to

> B

T
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Average Mixing

Theorem (Godsil)

If X is a graph on n vertices and its average mixing matrix is
n~YJ, then n < 2.
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Paths

Theorem (Godsil)

Let T = T, be the permutation matrix such that Te; = e,1_; for
all i. The average mixing matrix for the path P, is

1
—2J+I1+T).
2n+2( A T

Chris Godsil University of Waterloo Linear Algebra



The average mixing matrix of a graph is rational. '
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An lIssue

@ If D is the discriminant of the minimal polynomial of A then
D? My is integral. If the eigenvalues of A are simple then
DMy is integral.
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An lIssue

@ If D is the discriminant of the minimal polynomial of A then
D? My is integral. If the eigenvalues of A are simple then
DMy is integral.

@ There's a graph on seven vertices with discriminant

540034607936 = 2° x 8438040749.
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Odd Cycles are Almost Uniform

Theorem (Godsil)

If n is odd then the average mixing matrix for the cycle C,, is

n—1
I~

1
J+ =1
n

Chris Godsil University of Waterloo Linear Algebra



Since
1 1 ¢ 1 1<
;I+%2Ai®Ai=;J+EzEj®Ej
=0 Jj=0
it follows that
d d
1 1 1 1
_I+_2AioAi:_J+_ EjOEj
v um = v mi3



Association Schemes Koppinen Pseudocyclic Schemes Some Strongly Regular Graphs Average Mixing

Average Mixing on Pseudocyclic Graphs

If X is a pseudocyclic graph on v vertices with valency
m = (v—1)/d then

d

1 1 1
ZAioAi:<I+(J—I))
i=0 VVi v m

and . .

1 1 1

— E L il 02
Zm~ i© B v2J+mZET
j=0 """ r=1
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Average Mixing on Pseudocyclic Graphs

If X is a pseudocyclic graph on v vertices with valency
m = (v—1)/d then

d
> Laodi=1 (1+20-0)
; v m

i=0 =t
and . .
1 1 1
—FEjoEj=—J+—Y E?
;)mj V2 m;

Theorem (Godsil)

The average mixing matrix of a pseudocyclic graph X with valency
m on n vertices is:
n—m+1 m— 1

T+ ——1.

n
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The End(s)
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