Structure theorems on quadrature
domains for subharmonic functions
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1. Q(p, SLY) for u with compact support

2. Q(p, SLY) for 1 whose support may not be compact

11 : a positive Radon measure on R?

R? : the d-dimensional Euclidean space, d > 3
a measure : a positive Radon measure on R
an open set : an open subset of R¢

)\ : the d-dimensional Lebesgue measure on R
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1. Q(u, SLY) : MQ) < 400
(4t . @ measure with compact support, 1 # 0

An open set € = () is called a quadrature domain of u
for subharmonic functions if

() |62 =0

(i) Vs € SLY(2), [ sdu < [, sdA.

Q° =R\ Q

1|€2¢ : the restriction of 1 onto Q¢

S(2) ={s:—o00 < s(x) < 400, As > 0in Q}
SLHQY) ={s € S(Q) : [,|s]d\ < +o0}
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Q(p, SLY) : the family of quadrature domains €2 of p
for subharmonic functions satisfying A(2) < +oc

s harmonicin Q@ = [ sdu = |, sd\

The Newtonian potential N of i :

Nu(y)zflx _1y,d_2du(af)

N 1 is superharmonic in R¢ and —(1/A4)ANp = p.
Ay = d(d — 2)A(By)
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Proposition 1.1.

() . a bounded open set
—

QeQu,SLY) —
NAI)(y) < Nu(y) (v € R?) and
NAQ)(y) = Nuly) (y € Q°)
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Quadrature measures

S = S(R?) — S(RY)
LANu,RY)Y ={veS:v< Nu,—(1/4)Av < A}
Ry(z; Nu, R?Y) = sup{v(z) : v € Ly(Npu, RY)}
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Proposition 1.2.

,C)\(N,u, Rd) 7& ) and R)\(ZL‘; N, Rd) S [,)\(N,LL, Rd).

Ry(z; Nu, R?) is superharmonic in R? and of class

Clin R4,

Br(p, R?) = —(1/Aa) AR (25 N, RY)

B (u, RY) : the quadrature measure of

By = Ba(p, RY)

0 <6< A

Qo(p) = {r € RY: Nf(z) < Nu(z)}

Q%) = U{U : an open set satisfying 5,|U = \|U}
= (supp (A — B)))°

Qo(p) € (1)
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Proposition 1.3.

Ry(x) = Ry(z; Ny, RY)
By = Ba(p, RY)

Qo = Qo(p)

0F = Q% (p)

—

(1) supp 8y C {z € R : dist(x,supp p) < r(p)},
el = A(Br));

(2) Ry = NBy, |68\ = ||

(3) V2 : an open set satisfying Qy C Q c QY
By = A\Q + 1| Q.
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Theorem 1.4.

() . an open set

6)\ — 6)\(/L7 Rd)
Qo = Qo)
:>

QeQu,SLY) <~ By =NQ#A0and Qy C
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Theorem 1.5.

00 = Q°(p)
Qo = Qo(u)
—

(1) Q(u, SL') # 0 <= Q° # D and p[(2°)° =0
(2) Q(p, SLY) # 0 =

Q(w, SLY) = {€) : an open set satisfying
Qp Cc QcQand A(QY\ Q) =0}
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2. Q(u, SLY) : M) < 400

(. @ measure whose support may not be compact,
including u =0

An open set € £ () is called a quadrature domain of 1
for subharmonic functions if

(i) 1l = 0;
(i) Vs € SLY(), [ sdu < [, sdA.

We don’t assume that \(2) < 4o0.

It may be \(2) = +oc even if i has a compact
support.

Q(p, SLY) : the family of quadrature domains € of u
for subharmonic functions.
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Q(0, SLY) = (0, whereas there are many

Q) € Q(0,SLY). They are called null quadrature
domains.

Q) =R = SLYR?) = {0}
() # RY = There are many s € SL'(Q).
ye a,b>0,d—2<p<d=

s(x) = max { z _a

b,0} € SL'()

y|P
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LemmalZ.l.
QcQ(u,SLY) andy € Q°

—
d
/ ) oo,
{

reR:|x|>1} ‘x’d_H

/{ dp() < 400

reR:|x—y|<1} ‘ZIL’ _ y’d_Q
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Genl. Newtonian potentials

1

N(z,y) = Pt N u(y) =/N(x,y)dﬂ(x)

ng = d(d+ 3)/2

{yn} =4wy1,...,yn,} : asetof ngdistinct points
VB, Hy,.} C B,

N(z,y) = N(z,y) + > %, co(y)N(z,y,) satisfies
N(z,y) = O(zz=) in a neighborhood of oo

for fixed v.

cn(y) = cn(y; Y1, - - -, Yn,) 1S @ harmonic polynomial
of degree 2 as a function of y.
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We fix {y, } and set
M({y,}) = {u : a measure satisfying
/ dp() < 400,
{

reR:|z|>1} ‘m’d_H

/{ Al < 400

reR:|x—y, |<1} ‘SB _ yn‘d_2

for every v, € {y.}}.
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The generalized Newtonian potential A . of
i€ M({yn}):

Nuly) = / N y)dp(x)

QO cQ(p, SLY) and {y,} C Q°
—

p € M({yn})
A e M({yn})
Qe M({y,}) for every open set (2.
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Proposition 2.2.

p € M({yn})
() = () : an open set satisfying {y,} C Q°

—

QcQu, SLY) <

NAQ)(y) < Nu(y)(y € RY) and
NAQ)(y) = Nu(y)(y € Q°)



We define 8, (u, RY), Qo(r) and Q°(w), replacing N
with N .
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Theorem 2.3.

LA(Np,RY) # 0 and {y,} C Qo(u)°
—

(1) Q°() # 0 and u[Q°(1)¢ =0
= () € Q(p, SLY);

(2) 2 € Q(p, SLY) and {y, } C Q°
— 5)\(/L,Rd)’QC = 0.
In particular, Qy(1) € Qand A\(Q°(u) \ Q) = 0.
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Proposition 2.4.

LANp,R?) # D and {y,} C Qo(p)°

—

(1) € M({y,}) # 0 and X are mutually singular
= Qo(p), (1) € Qu, SLY);

(2) U # 0 : anopenset, v € M({y,}) : ameasure
onU, u=MU+v

— Q) € Q(p, SLY);

(3) U, and U : open sets with U, U Us # 0,

1= AU + AUz

— Q) € Qu, SLY).
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Proposition 2.5.

U c Q(0,SL)
ue M({y,}) #0: ameasure on U or
a measure such that |U*¢ and A are mutually singular

LAN (e + AU),R?) # D and {y,} C Qo(p+ AU)°
—

Qo(p+AU), Q(u+AU) € Q(u, SL')
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Proposition 2.6.

Qc Q(u, SLY) and {y,} C Q°
—

JU C © : anopen set, \|Q = By (p + MU, RY).

If U +# (), then U is very close to a null quadrature
domain.
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