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Regular variation

» Univariate regularly varying: X € R, X ~ RV(«) if
tlim PX > tx|]X > t] = ¢(x), x>1
—00

> cis of the form ¢(x) = x~%, a > 0.

» Multivariate regularly varying: X € RZ, X ~ MRV(a) if
tlim P[X > tx|]X > t1] = v(x), x> 1.
— 00

> v satisfies v(sx) = s7*y(x), « >0

> Let (R,©) = (|IX]l, x), then X ~ MRV(a) if and only if

1. R ~ Univariate RV/(«)
2. PO€|R>r)—=5(), r— oo

- In other words, ® becomes independent of R as R — oo.

- S characterizes the extremal dependence.
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Example: (Xi, Y7i) S Bilogistic

> Flx,y) = exp {—(x Y5y oy}
» s=0.6
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Estimating S(-), the limiting angular distribution
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Estimating S(-), the limiting angular distribution
Observe X1,..., X, ~ MRV(a) and (R, ®;) = (|| X, 7). We know
P@OeR>r)—S(), r— oo
How to estimate S(-)?
> Look at the subset ©;,...,0; where R;, > ro for ro large
How large should ry be?

» Conditional on R > ry, (R, ©) are approximately independent

How to measure the dependence between R and ©7?
> R is heavy-tailed — may not even have 1st moment!
» O could be multi-dimensional

» Solution: distance covariance



Distance covariance

> Feuerverger (1993), Székely et al. (2007), Meintanis & lliopoulos (2008).
» X € RP, Y € RY, let ¢ denote the characteristic function, then

X1lY OX,)Y = PXPY-

» Distance covariance w.r.t. weight measure p(s, t)

TOCYim = [ lexv(s0) = px(@ev(e) n(ds. o)

» Distance correlation
T(X,Y;n)
VT X ) T(Y, Y )

R(X,Y;u) = € [0,1].




Distance covariance

TG = [ lor(s. ) = ox(@)ev (1) (s, )

Empirical version?



Distance covariance
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Distance covariance

T(X.Yip) = / loxv (5. £) — x(s)pv (£) Pru(ds, dt)

/|EeisX+itY _ ]EeiSX]EeitYF,U(dS, dt)

(Let X', Y, Y", Y" be independent copies of X, Y>

/(Eeis(X—X')+it(Y—Y')+Eeis(X—X’)eit(Y"—Y"')

_Ee;s(x—x’)+it(y— Yy Ee—is(X—X')—it(Y—Y”)) u(ds, dt)

(Let h(x,y) = Re ( / et (ds, dt)))

= Eh(X—X,Y=Y')+Eh(X - X, Y —Y")
—2ER(X — X', Y = Y")



Distance covariance

TG = [ lor(s. ) = ox(@)ev (1) (s, )

Empirical version
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1
(X, Yip) = 5 > h(X = Xi, V) — Vi)
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Distance covariance

TG = [ lor(s. ) = ox(@)ev (1) (s, )

Choice of u?
> Székely et al. (2007): p(s, t) o< [s|; 7 7|t|, “ Pds dt, for 0 < a < 2.

> h(x =X,y —y')=|x=Xgly = y'I§
> Requires E|X|5 + E|Y|g + E|X|g|Y]|g < o0



Distance covariance

TG = [ lor(s. ) = ox(@)ev (1) (s, )

Choice of u?
> Székely et al. (2007): w(s,t) o< |s|g 7 t|, “ Pds dt, for 0 < a < 2.

> h(x =X,y —y')=|x=Xgly = y'I§
> Requires E|X|S + E|Y|S + E|[X|3|Y]|g < o0

> u(ds, dt) = ps(ds)ur(dt), product of probability measures
> h(x—x',y —y') = os(x = x)er(y —¥').
> No constraints on X, Y

> E.g. Normal, h(x — x') = exp(—%z\x —x'I?)

v

E.g. Cauchy, h(x — x’) = exp(—|x — x'|)



Limit theory of distance covariance (Davis et al., 2018)

Consistency
Let {(X¢, Y:)} be stationary and ergodic, then
Ta(X,Yip) 25 T(X,Y;p).
Limiting distribution
Further let {(X:, Y:)} be a-mixing with 32, oz},/' <oo, l<r<2
> If {X;} and {Y:} are independent, then
nTa(X, Yin) 5 [ 1Qxy P

where Qx,y is a centered Gaussian process.

> If {X:} and {Y:} are dependent, then
VA(TAX. Yin) = TOG Vi) % [ Qv

where QY is a centered Gaussian process.
X,Y

> Test of independence.
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Limit theory of distance covariance (Davis et al., 2018)

Consistency
Let {(X¢, Y:)} be stationary and ergodic, then
Ta(X,Yip) 25 T(X,Y;p).
Limiting distribution
Further let {(X:, Y:)} be a-mixing with 32, oz},/' <oo, l<r<2
> If {X:} and {Y:} are independent, then
WX, Yin) 5 [ 1Qxy P

where Qx,y is a centered Gaussian process.

> If {X:} and {Y;} are dependent, then
VA(TAX. Vi) = TG Vi) % [ Qv

where QS( y is a centered Gaussian process.
,

> Test of independence.



Limit theory of distance covariance for triangular arrays

» Distance covariance between (R;, ©;) given R > r,

7o = Tn(R,@;u)‘R>rn

» Effective sample size
P ke = #{R > ra}

Theorem

PR A / 1G2d,

where Q is a centered Gaussian process.



Limit theory of distance covariance for triangular arrays

» Distance covariance between (R;, ©;) given R > r,

Toi= Tn(R,@;u)‘R>rn

» Effective sample size
kn = #{Ri > ra}

» Note that (R;, O, rm — 00, n — 00, is a triangular array.

) } Ri>rp’
Theorem

Under suitable conditions,
. 4 -
kTo 5 [ 10Fdn

where @ is a centered Gaussian process.



Limit theory of distance covariance for triangular arrays
ko 5 [ 107,

Sketch of the suitable conditions:

1. Effective sample size k, — oo

» thresholds r, — oo not too fast

2. (R, ©)|r>r, becomes independent fast enough

» thresholds r, — oo not too slow

3. conditions on weight measure p such that reddistance covariance exists

> since R is heavy-tailed

4. conditions on mixing coefficients oy, such that central limit theorem can be

applied



Limit theory of distance covariance for triangular arrays
Details of the suitable conditions:
1. nP(R > rp) — o0;

2. n]P’(R > rn)f |<P,E’@\rn — Sorﬂ\rn¢®\rn‘2d“ — 0;
3. LA AIsP)A At u(ds, dt) < oo for some 1 < < 2 A q;

4. there exists I, — oo such that /,P(R > r,) — 0 and
a) P(R>ry)~° >one, af — 0 for some § € (0,1);
b) limp e limsup, oo = 521, P(|[Xol| > £, [IX;]| > 1) = 0;

c) npaay, — 0.
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Limit theory of distance covariance for triangular arrays
Details of the suitable conditions:
1. nP(R > r,) — oo;
2. nP(R>r,) [ Iwg’em - go%‘,nape‘,ﬁdp —0;
> can be translated to a second-order RV type condition
3. LA AIsP)A At u(ds, dt) < oo for some 1 < < 2 A q;
> can be relaxed if looking at log R
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Limit theory of distance covariance for triangular arrays
Details of the suitable conditions:

1. nP(R > r,) — oo;

2. nP(R>r,) [ Iwg’em - go%‘,nape‘,ﬁdp —0;
> can be translated to a second-order RV type condition

3. LA AIsP)A At u(ds, dt) < oo for some 1 < < 2 A q;
> can be relaxed if looking at log R

4. there exists I, — oo such that /,P(R > r,) — 0 and
a) P(R>ry)~° >one, af — 0 for some § € (0,1);
b) im0 limsup, e - 37 ([ Xoll > ra. [1X;]] > ra) = 0;

c) npaay, — 0.

> adapted from Davis & Mikosch (2009)



[llustration: R L © only when R > ry.1, the upper 10%-quantile.
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[llustration: R 1 © only when R > rp1

radius

le-02 1le+00 le+02

le-04

0.0 0.2 0.4 0.6 0.8 1.0

angle



[llustration: R 1 © only when R > rp1

le+02
|

radius
1e+00
|

le-02

le-04

0.0 0.2 0.4 0.6 0.8 1.0

angle
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[llustration: R 1 © only when R > rp1

For each upper quantile rg,

» calculate conditional distance covariance
from (R;,,04), ..., (Ri, Oi) for which R, > rq

» derive the p-value of test of independence
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[llustration: R 1 © only when R > rp1

For each upper quantile rg,

> calculate conditional distance covariance for m independent subsamples
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For each upper quantile rg,

» calculate conditional distance covariance for m independent subsamples
from (R, ©4,), ..., (Ri, ©i) for which R, > rq

» derive the p-value of test of independence for each subsample
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[llustration: R 1 © only when R > rp1

For each upper quantile rg,

» calculate conditional distance covariance for m independent subsamples
from (R, ©4,), ..., (Ri, ©i) for which R, > rq

» derive the p-value of test of independence for each subsample
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[llustration: R 1 © only when R > rp1
To choose the threshold,
> when the mean of p-values falls below 0.5

» Wild Binary Segmentation (Fryzlewicz, 2014) fits a piecewise constant
spline to the data based on CUSUM statistics

A mean-pv
—  wbs-fited spiine
X wbs change point

1.0

0.8

0.6
1
>
>

p-value
>
>
»

0.2

0.00 0.05 0.10 0.15 0.20

upper quantile



Daily absolute log-returns of exchange rates, from 1990-01-01 to
1998-12-31
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Daily absolute log-returns of exchange rates, from 1990-01-01 to
1998-12-31
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Daily absolute log-returns of exchange rates, from 1990-01-01 to
1998-12-31
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Detecting non-regular variation

x2
5000 15000
l

0
|

T T T I
2000 4000 6000 8000

=
0

x1



Detecting non-regular variation
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Detecting non-regular variation
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