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Known results:

◮ n sets, n elements: disc(S) = O(
√
n) [Spencer ’85]

◮ Every element in ≤ t sets: disc(S) < 2t [Beck & Fiala ’81]

Main method: Find a partial coloring χ : [n]→ {0,±1}
◮ low discrepancy maxS∈S |χ(S)|
◮ |supp(χ)| ≥ Ω(n)



Discrepancy theory (2)

Lemma (Spencer)

For m set on n ≤ m elements there is a partial coloring of

discrepancy O(
√

n log 2m
n
).

◮ Run argument log n times

◮ Total discrepancy is

.
√
n+

√

n/2 +
√

n/22 + . . .+ 1 = O(
√
n)
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Thm of Spencer-Gluskin-Giannopolous

Goal: For K :=
{

x ∈ R
n : |∑j∈Si

xj| ≤ 100
√
n ∀i ∈ [n]

}

find a point x ∈ {−1, 0, 1}n ∩K with |supp(x)| ≥ Ω(n).

K

0 x

◮ K is intersection of n strips of width 100

◮ Gaussian measure

γn(K) ≥ (γn(width 100 strip))n ≥ e−n/100

◮ Counting argument: any such K admits partial coloring
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◮ (+) very general
◮ (−) non-constructive

◮ Bansal ’10: SDP-based random walk for Spencer’s Thm
◮ (+) poly-time
◮ (−) custom-tailored to Spencers setting

◮ Lovett-Meka ’12:
◮ (+) poly-time
◮ (+) simple and elegant
◮ (+/−) Works for any K = {x : |〈x, vi〉| ≤ λi∀i ∈ [m]}

with
∑m

i=1 e
−λ2

i
/16 ≤ n

16
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Our main result

Theorem (R. 2014)

For a convex symmetric set K ⊆ R
n with γn(K) ≥ e−Θ(n),

one can find a y ∈ K ∩ [−1, 1]n with |{i : yi = ±1}| ≥ Θ(n) in
poly-time.

Algorithm:

(1) take a random x∗ ∼ γn
(2) compute y∗ = argmin{‖x∗ − y‖2 | y ∈ K ∩ [−1, 1]n}
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◮ For set K, let K∆ := {x : d(x,K) ≤ ∆}

∆
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◮ Union bound over all |I| ≤ εn:

Pr
[

⋃

|I|≤εn

d(x∗, K(I)) <
1

5

√
n
]

≤ e−Ω(n)



Application

An additive O(logOPT )-apx

for Bin Packing

Joint work with Rebecca Hoberg
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Input: Items with sizes s1, . . . , sn ∈ [0, 1]
Goal: Pack items into minimum number of bins of size 1.

bin 1 bin 2

input

si
1

0

1

◮ NP-hard to distinguish OPT ≤ 2 or OPT ≥ 3
[Garey & Johnson ’79]

◮ First Fit Decreasing [Johnson ’73]: APX ≤ 11
9
OPT + 4

◮ [de la Vega & Lücker ’81] :
APX ≤ (1 + ε)OPT +O(1/ε2) in time O(n) · f(ε)



The Gilmore Gomory LP relaxation

◮ bi = #items with size si
◮ Feasible patterns:

P =
{

p ∈ Z
n
≥0 |

n
∑

i=1

sipi ≤ 1
}



The Gilmore Gomory LP relaxation

◮ bi = #items with size si
◮ Feasible patterns:

P =
{

p ∈ Z
n
≥0 |

n
∑

i=1

sipi ≤ 1
}

◮ Gilmore Gomory LP relaxation:

min
∑

p∈P
xp

∑

p∈P
pi · xp ≥ bi ∀i ∈ [n]

xp ≥ 0 ∀p ∈ P



The Gilmore Gomory LP relaxation

◮ bi = #items with size si
◮ Feasible patterns:

P =
{

p ∈ Z
n
≥0 |

n
∑

i=1

sipi ≤ 1
}

◮ Gilmore Gomory LP relaxation:

min 1Tx

∑

p∈P
Ax ≥ b

xp ≥ 0 ∀p ∈ P



The Gilmore Gomory LP relaxation

◮ bi = #items with size si
◮ Feasible patterns:

P =
{

p ∈ Z
n
≥0 |

n
∑

i=1

sipi ≤ 1
}

◮ Gilmore Gomory LP relaxation:

min 1Tx

∑

p∈P
Ax ≥ b

xp ≥ 0 ∀p ∈ P

◮ Can find x with 1Tx ≤ OPTf + δ in time poly(‖b‖1, 1δ )
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The Gilmore Gomory LP - Example

input

si
1

0.44 0.4 0.3
0.26

min1Tx








2 0 0 0 1 1 1 0 0 0 1 0
0 2 0 0 1 0 0 1 1 0 0 1
0 0 3 0 0 1 0 1 0 1 1 1
0 0 0 3 0 0 1 0 1 1 1 1









x ≥









1
1
1
1









x ≥ 0

1/2× 1/2× 1/2×
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Main result

◮ [Karmarkar & Karp ’82]: APX ≤ OPT +O(log2 OPT )
Technique: Basic LP solutions

Theorem (Hoberg & R. ’15)

There is an OPT +O(logOPT ) algorithm for Bin Packing.

◮ Technique: Discrepancy theory
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Karmarkar-Karp’s Grouping

input:

∑

si ∈ [2, 3]

new input:

3× 4× 4×
◮ increases OPT by O(log n)
◮ row sum · si ≥ 2 ←→ column sum (w.r.t si) ≤ 1
◮ # constraints ≤ 1

2
support(x)

A A
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Karmarkar-Karp algo (2)

◮ After grouping: # constraints ≤ 1
2
|supp(x)|

◮ Move to basic solution x′ with Ax′ = Ax

◮ |supp(x′ − ⌊x′⌋)| ≤ 1
2
|supp(x)|

◮ Repeat O(log n) times → O(log2
n)

A
Ax = bbx

b x′
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Applying the Constr. Part. Col. Lem.

Comparison:

◮ Basic solutions: Θ(m) constraints with λi = 0

◮ Discrepancy: Any number of constraints with
∑

i e
−λ2

i
/16 ≤ m

16

bx b y

◮ Complication: Need to rebuild incidence matrix for
improvement
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Open problems (1)

Theorem (Banaszczyk ’98)

Given a convex body K with γn(K) ≥ 1
2
, vectors v1, . . . , vn

with ‖vi‖2 ≤ 1
5
. There is a coloring x ∈ {±1}n: ∑n

i=1 xivi ∈ K

+v1−v1

K + v1K − v1

K ′

0

◮ Where should x2v2 + . . .+ xnvn end up?

◮ Take convex K ′ ⊆ (K + v1) ∪ (K − v1)

◮ Prove γn(K
′) ≥ 1

2
→ Non-constructive
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Thanks for your attention


